Clustering

Exercisel

The main difference is that GMMs are probabiligtitereas k-means are not.
This gives GMMs a greater flexibility since the eoance matrice¥,. of the
Gaussians may be anything we want and hence teeedumay have any
desired elliptical shapes.

It can be shown that k-means are a special caGd/dfis where a) the
covariance matri. is spherical (i& = A | with | the identity matrix), b).
tends to infinity, and c}. is shared between clusters. Note that for ourquep
A does not matter.

Sharing the covariance matrix between clusters k@t only the location of
the cluster counts, so that the boundaries betwiesters are linear, whereas in
GMMs they can be quadratic.

Having a spherical covariance matrix means thatlingers are round.

A good dataset would be 2 elongated Gaussiansiigrencross, ie overlapping,
such as

Such a dataset should not be difficult to genanateg the function rnorm in R.
The function to apply k-means is kmeans. The fancto apply the EM
algorithm is the function Mclust from the mclustcgage (see slides).



Linear Models

Exercisel

Question 1

The problem using least squares is that we tryitonnse the distance between
y(x) and our target( {0,1}. However, in the dataset we have, althoughdata
is linearly separable, there is a cluster thaaisafvay from the rest.

If we draw the real decision boundary, we can baefbr any x in the outlier
cluster, |y(x)| is going to be larger than for peiof other clusters. Hence least
squares is going to try to compensate by pushiagiétision boundary towards
the outlier cluster.

Question 2

This is an ugly solution (no colours, legends grthimg) but it gives you an
idea.

x1=10+10*rnorm(200); #°Ldimension for points of class 1
y1=2*x1+20+10*rnorm(200); #" dimension for points of class 1
x2=10+10*rnorm(300); #°1dimension for points of class 2
y2=x2-15+10*rnorm(300); #"2dimension for points of class 2
outliers=matrix(0,nrow=60,ncol=2); # class 2 ceth
outliers[,1]=35+5*rnorm(60); #°1dimension for outliers
outliers[,2]=-80+10*rnorm(60); #"2dimension for outliers

X=matrix(0,nrow=length(x1)+length(x2)+nrow(outli¢nscol=2)
X[,1]=c(x1,x2,outliers[,1]); # complete data = dimension
X[,2]=c(y1,y2,outliers[,2]); # complete data 22limension

t=vector()

for(i in 1:length(x1)) t=c(t,1); # labels for cla%s

for(i in 1:(length(x2)+nrow(outliers))) t=c(t,0); abels for class 2

tls= vector()

for(i in 1:length(x1)) tls=c(tls,1); # labels folass 1

for(i in 1:(length(x2)+nrow(outliers))) tls= c(tl4,); # labels for class 2




# least squares

Ismodel=Im(tls~X)

abs=seq(-20,50,by=0.5)
ord=(-Ismodel$coefficients[1]-abs*Ismodel$coeffiais]2])/
Ismodel$coefficients|[3]

windows(); plot(X[,1],X[,2])

lines(abs,ord)

# logistic regression

Irmodel=gIm(t~X,family=binomial)
abs=seq(-20,50,by=0.5)
ord=(-Irmodel$coefficients[1]-abs*Irmodel$coefficies[2])/
Irmodel$coefficients[3]

windows(); plot(X[,1],X[,2])

lines(abs,ord)

Exercise 2

1) Dual formulation

When we saw kernel regression, we rewrote w aseaficombination of the
training pointsX = {x,}, so thatw'y became a liner combination xf'y. To
kernelise PCA, you have to find where the kerney neplace the dot product
Xn'y in the equations.

In PCA, we want to find a new vector the principal component, and project
our data on it

y = transformedx ¥ x'u
So now imagine that we writeas a linear combination of the training poiXts

N
— —yT
u—E ax, =X'a
n=1

This gives us:

N N
y = transformedx )} x' (Z anxnj => ax'x,

n=1



We can now replace the dot product with any keweelike ©:

N
y = transformed ¥ > a,K X X,)
n=1

Now instead of learning the principal componenive learn the coefficients
Remember that is learnt to maximise the variance and we showatlthas to
be an eigenvector of the correlation matrix.

2) First point of view

The variance is

N N T N

T — T T — T T
2 ¥ ¥ =2 (%) (X)Tu) = 2 uTxpx,
n=1 n=1

n=1
—uT [ZN:xnanju =0 (XX )u = (x"a) (X7X)(X"a)
n=1
=a'XX"xX"a=a' (XX")(xx")a=a" (XX") a
=a'K’a
We want the resulting u to be normalised

u'u=1e (XTa)T(XTa):lc» aXX'a=1- aT(XXT)azlc» aKa=1

Maximising the variance with respectadherefore means

%(aTK2a+)I(1—aTKa)):O - 2K?%a-2lKa=0- K?%=JKa

= Ka=/Ja
So, much in the same waywill be an eigenvector of the kernel matiix

3) second point of view

If Cis the covariance matrix, then



Cu=Au

(XTX)u:Au

(X™x)(X™a)=A(x"a)

X (X"X)(X"a)=Ax(X"a)

(XXT)(XXT)a=A(XX")a

(xX")'a=2(xX")a

(XXT)a:Aa

Ka=Ja

So, much in the same waywill be an eigenvector of the kernel matiix

4) Which eigen vector?

The variance will then be

N
Syly, =a'K?a=a'K (Ka)=a'Ka=

n=1

So, againu must be the eigen vector corresponding to theefdrgigen value.



Probability theory

Exercisel

Decipher the text

What are the random variables (ie the events)?
S: the ship sinks — then possible values for S@&fg
R: the route of the ship — possible values for &{a} for short and long

What are the probabilities that are known?
“The danger of sinking is 10% with the short routeans that

p(S=1|R=5s)=0.1

“The danger of sinking is 5% with the long routeéams that
p(S=1|R=1)= 0.0t

“About 20% of the ships decided to take the shadate” means
thatp(R=15) =0.2

Question 1

What is the probability of a ship to sink?

P(S=1)=> p(S=LR)=> p(S=1|R)pR)

= p(S=1|R=s)p(R=s)+p 6= 1R=I p R=1)
=0.1x 0.2+ 0.0% (+ 0.2F 0.02 0.04 0.06

The expected number of sunken ships is then

P(S =1)Ng;,s = 0.06x 200= 12
Question 2
p(R=s|S=1)= p(SzllR:S)p(R=S): 0.1x 0.2: 1

p(S=1) 0.06 3

P(R=11S=1=1- pR=1[S= )=

So we should check the long route!!



Exercise 2

Decipher the text

What are the random variables (ie the events)?
T: the test is positive — then possible valuesltare {0,1}
D: you have the disease — possible values for Baté

What are the probabilities that are known?

“The test is 99% accurate” means tHflT =1|D =1)= 0.9€ and
p(T=0|D =0)= 0.9¢

“This disease usually strikes only 1 in 10000 pebpteans that
p(D =1) = 0.0001

Question 1

What you are concerned about is
51T == PO =1ID=1pD=1)
p(D=1|T =1) =D
_ p(T =1|D=1)p© = 1)
p(T=1|D=0)p@O=00+pT=1D=1p D= 1)
_ p(T =1|D=1)p© = 1)
A-p(M=0[D=0)I-pO=DrpT=1Pp=1p D=1
0.99x 0.0001 _ 0.009804

© 0.01x 0.9999- 0.99 0.0001
The test is essentially useless.

Question 2

The test would be much more useful if the accuvaay higher or if the disease
was more common.



Exercise 3

Question 1

0(A B |E)= P(A.B.E) _ p(AIB.E)pBIE)PE)_ o(A|B.E)p(B |E)

pP(E) p(E)
Question 2
o(A|B.E)= PABE) _PBIAEDAIENE)_PBIAEPAE)
" p(BE) p(B|E)p(E) o(B|E)
Exercise 4
Question 1

_ P(E,E, [H)p(H)
p(H|E,E;)= is sufficient.
2 p(E,.E,) so only the second set is sufficient

Question 2

“E; andE; are conditionally independent giveli means that
P(E,E,[H)=p(E |H)p(E,|H)

,E,|H)p(H E,|H)p(E,|H)pH

oo P(H |, E,)= PEuEIH)PH) _ p(E[H)P(E, IH)pH)
P(E., E,) p(E,.E,)

first and the second sets are now enough.

and the

Moreover we can add that
o(H |E, E,) = PETHIPEIH)PH) . pEIHIPE,IH)PH)

> p(E,E,|H)p(H) > p(E|H)p(E, [H)p(H) S

so the third set is also enough!




Bayesian networks

Exercisel

Question 1

The joint distribution is the product of the dibtition of each variable
separately, conditioned on its parents.

Question 2
- represents the conditional independencies
- simplifies the expression of the joint distributier compact
representation, memory and time savings
- the graph is also helpful to “see” the model

Question 3

Learning is the process of computing the valudefgarameters. Inference is
the computation of the conditional distributiontleé hidden variables given the
observed ones.

Question 4

p(t.w|a.B)= pw |a)|ﬁ ott, W 3)

=N (w ar) ﬁ_lN(tn W', 57)




Note here that, to really be BayesiArshould also be a random variable and
have a prior distribution with some hyperparambtfar exampleg would then
be circled (in white), we would add a non-circledgmeteb, and there would
be an arrow going frorb to 5, exactly like we have faxr andw. The joint
distribution would be written

p(t,w,Blab)=pWwla)p@b) N p(t, W B)

n=.
However in the lecture we only considered w for@ioity, so it is the network
| am showing.

Exercise 2

See slides®

Exercise7

o o e R: rainl {0,1}

T: temperaturél {cold,warm}

o @ o S: sick {0,1}
E: exam(] {0,1}
P: party] {0,1}

o W: must work] {0,1}
H: must stay homel {0,1}

B: boredl {0,1}

Question 1

The joint distribution is the product of the dibtition of each variable
separately, conditioned on its parents.

p(RT,E,SW,P,H B)=
PRIPTIPENPSIRT PW EPP EPH BW pB H



Question 2

P(R,T.E)=p(R)p(T)p(E)

You can convince yourself of this by writing:
p(R,T,E): Z p(RlT!EIS!W 1P !H !B)

SW,P,H B
rewrite using the jodwstribution given by the network

= > PRPTPEPSRTPWEDPREDPH $SWPHH

SW,P.H B

take R pT(p EH ) out of the sum
=pRPTPE)Y PERTPWEDPREDPH SWPEH

SW,P.H B
B is not used as a coodiand is summed over> cancels

=pRPTPE)DY PERTPWEDPREDPH $W DH"H

SW,P,H B

H is not used as a coodiaind is summed over => cancels

=pRPTPE) > p(SIRT)pW [E)pP |E)pH ISW)

SW,P.H

P is not used as a cooditind is summed over => cancels

=pRPTPED pPERT EWEDK’E)

SW,P

W is not used as a condition larEdJmmed over => cancels

=pRPTPED PSRT PW E)

S is not used as a cooditind is summedver => cancels

=pRPTPED pERT)

1

=pPRPTDPE)

This means tha®, T andE are marginally independent of each other.



pW,P|E)=pW |E)p(P |E)
You can convince yourself of this by writing:
> p(RT,E,SW,PH B)

P|E)=RISHSB
p(W,P|E) o(E)

rewrite using the joint distribatgiven by the network

>, P(RPMPE)PSIRTIPW [E)pPE)pH SWPB H)

T p(E)
take E(p)W E| p)P(E| ) out of thers

IO(E)IO(WIE)D(PIE) Z PR)P(MPEIRT)pPH SWpPB H)
P(E)

cancelE( )
=pWIEPPIE) > PRPTPSRTPH BWPBH)

RT,SH,B
B is not used as a condiind is summed over => cancels

=pW EDPRE)D PRPTUDPERT PH $W F)(BIH)

RT,S,H B

H is not used as a coowliand is summed over => cancels

=pW EDPRE ) pPRPTDPERT pH EFW)

RT,S,H

S is not used as a condition and is summed over rcez=

‘IO\(VED)E’IF-ZDR?DKD)EGFRT)

RT,S

T isnotusedas a condlamd IS summed over =ancels

=pW EPREYPRPT)

R is not used as a condlitind is summed over => cancels

=pW EPRE) PR)

R
N

1
=pWI[E)p(P|E)
This means thatvV andP are conditionally independent givEn



Question 3
Z p(R,T :C,E,S,W’P’H 1B:l)
p(B =1|T = C): R,E,SW,PH
p(T =c)
rewrite using the joifistribution given by the network
> PRIPT =0)p(E)P(SIRT =c)pW [E)pP [E)pH [SW p(B=1|H)

— R,E,SW P H
p(T =c)
takeTEC ) out of the sum

p(T=c) > P(RIP(E)P(SIRT =c)pW [E)pP [E)pH [SW )p B=1H |

R,E,SW P H
p(T =c)

ancelpT =c)
= Y PRPEPSRT=cCPWEPREPH SWPH= H )
P is not used as a @mmland it is summed over => cancels

> pRPE)PSIRT=c)pW [E)pH [SWPB=1H D pP E)

RE,SW H

[N —
1

= > PRPEPSRT=cPWEDPH SWPB= H )

R,E,SW H

T=clg=1)=PB=1T=c)p( =c)
p(T =c]| ) o(B=1)
_ p(B=1|T =c)p(T =c)
p(B=1|T =c)p(T =c)+pB=1T=w)p T =w)




p(RT,E,S=1W=1PH B)

—1|S=1)= _RTEPHS
POV =11 ) p(RT,E,S=1W =1P,H,B)

o fe;/v}ite using fbent distribution given by the netwio
2. P(RPMPE)P(S=1RT)PW=1EPPEPH 5=W=1pBH)

— RTEPHB

Y., P(RPMPE)P(S=1IRT)pW |E)p P [E)p(H |S=1W)p(B|H)

RTEWPH B
B is not used asm@diiion and itis sunmed over = cancels

> p(RPM)P(E)P(S=1|RT)pW=1E)p P|E)p(H [S=1W=1)> pB H )

RT.E,PH B
_—

Y. P(RP(M)P(E)p(S=1|RT)pW [E)p(P [E)pH [S=IW D pB H )

RT,EW,PH

| ——
1

H is not used as a condition anslsuimmed over => cancels

>, P(RPMP(E)P(S=1|RT)pW=1EPP ED pH 5= W= 1)

RT.EP m

> p(RPM)P(E)p(S=1|R,T)pW [E)p(P|E)D_ p(H [S=1W)

RT,EW,P

1
P is not used as rdition and it is summed over => cancels

> p(R)P(MP(E)p(S=1|RT)pPW=1ED pP [E)

RT.E 3

) Y. p(R)P(MP(E)p(S=1|RT)pW [E)> pP |E)
group rabilities

> p(E)pW =1|E)> pR)p(T)p(S=1|RT)
~ > p(E)pWE)D p(R)P(T)P(S=1|RT)
:ZE)p(E)p(\N=1IE):ZE‘,p(\N=1,E): oW =1)

> p(E)p(W |E) > pW,E) 1

=pWw=1
This means thatv andS are independent.

Again, you can convince yourself by doing the cotapan:



pw,8)= > pRT,E.SW,PHB)

RT,EPH B
rewrite using the joint distition given by the network

= Y pRPTPEPSRTPWEPPEDPKH SW DB H

RT.EPH B

B is not used as a condition and is suthover => cancels

= > pRPTPEPSRTPWEPPEDK SW pB H

RT.EPH B

H is not used as a conditiathis summed over => cancels

= > pRPTPEPSRTPWVEPPEDPK $W )

RT.E\PH

P is not used as a condiiad is summed over => cancels

=2 PRPT PEPSIRT)PW|E)pP |E)

RT.E,P

=2 PRPTPEPSERT PW E)

RT.E

factoride
=> PEPWED PRPTPERT)

factoride afd
:(ZDEPW EQ[ZDRDT}JS RTj
=pWpe)

Exercise4

To make it Bayesiany, 1 and), must be made random variables with prior
distributions of their own. We would then have:

p(X.Z,mu2|a.fy)=piapuls )o(Zly)ﬁ P(z, [71)p(X, 12, 4 2 )



