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Chapter 1

Introduction

Understanding the relations between the structure and functions of organisms, is one of the goals
of biological research. Besides the value of this knowledgefor getting deeper insights into Nature's
design, the knowledge can be used to provide perspectives onboth the diagnosis and eradication
of diseases. Many diseases are caused by changes in the genetic information and the concomitant
phenotypic expression of cells. \Chromosome theory of inheritance" found at the beginning of the
last century that genetic information is located on chromosomes organized in genes. In principle,
all cells in an organism contain the same genetic information. Yet, cells from higher organisms of
di�erent tissues di�er in shape, structure, and function. T he specialized research �eld \Molecular
Genetics" tries to elucidate the molecular processes leading to these di�erences.

The main di�erence at the molecular level is the amount of synthetized and accumulated RNAs
and proteins. This is caused by variable expression of genescoordinated by a complex regulatory
system (see [Britten & Davidson, 1969, Britten & Davidson, 1971]). To understand this complex
regulatory system, one has to analyze the functional relations of genes and gene products, which
is called \Functional Genomics". So far, there are several regulation methods that are used by
eukaryotes (see [Albertset al., 2002]):

1. Transcriptional control: The amount of transcribed RNA o f a gene.

2. RNA processing control: E.g. control of RNA splicing.

3. RNA transport control: Export of RNAs to the cytoplasm.

4. Translational control: E.g. e�ciency of translation by r ibosomes.

5. Control of mRNA degradation: Stability of RNAs.

6. Protein acitvation and stability control: Activation an d inactivation of proteins, e.g. by
phosphorylation, and degradation of proteins.

According to [Davidson, 2001], transcriptional control is the most important control strategy.
The importance is apparent as otherwise the cell would synthetize unnecessary intermediates,
which would be wasted resources. How does the transcriptional control work? Each gene has a
site where transcription starts. In the upstream region, there are motifs to which proteins can
bind. These proteins are called transcription factors (TFs). Besides this control, there are other
factors that in
uence the transcription rate, for example t he extent to which the DNA is folded.
However, TFs might have the strongest in
uence to gene expression. Binding of TFs can a�ect the
transcription rate in two di�erent ways. An activator incre ases the rate while a repressor decreases
it. One gene normally has several binding sites for TFs. TFs can act together in di�erent ways:
accumulation, complementation, or competition. In principle, TFs are transcribed products of the
DNA itself. Thus it is obvious that we can model regulation by a genetic network, the connections
of genes being regulatory interactions: a so called geneticregulatory network.
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6 CHAPTER 1. INTRODUCTION

Many diseases are the result of dysfunctional groups of cells. As described above, the function
of cells depends on their regulatory network. Thus one should �nd modi�cations in the regulatory
network of a dysfunctional cell compared to a normal cell of the same type. Knowing what the
modi�cations are, means understanding a fundamental aspect of the disease. This knowledge gives
the possibility to search for substances, which undo the modi�cations in the regulatory network,
or which inhibit the outcome of the changes. Therefore it is amajor goal to predict the genetic
regulatory networks.

In the past, biologists discovered small subsets of regulatory networks by analyzing the results
of knock-out experiments. This method is limited by two constraints. First, the preparation
of knock-outs is very time consuming. Second, only a few genes can be observed so that the
resulting structure of regulatory systems are small and incomplete. Two inventions resolve these
restrictions. First, it is possible to silence genes using RNAi which saves long preparation time (see
[Sharp, 1999]). Second, a snapshot of the expression of thousands of genes at the same time can be
done by microarrays (see [Brown & Botstein, 1999]). This reduces the practical restrictions but
shifts the problem to data assessment (see [Palsson, 2000])and generates a new interdisciplinary
research �eld \Computational Biology".

\Computational Biology" tries to �nd mathematical models t o apply to the data. To deal
with the expression of thousands of genes to reconstruct genetic regulatory networks, several
models were developed and applied, reviewed by [D'Haeseleer et al., 2000, de Jong, 2002]. The
most intuitive approach is to model the network at the molecular level like RNA degradation, TF
binding, and di�usion, as it was done by [Chen et al., 1999]. As this approach needs many param-
eters (reaction constants, di�usion constants, etc.), it is limited to small systems. Nevertheless,
one can use this approach to simulate a genetic regulatory network as a reference network (see
[Zak et al., 2003]) for a reverse engineering method (see [Husmeier, 2003]): After de�ning the net-
work structure and the parameters, one can generate data by this simulation. Then, this data can
be used for reconstructing the network with another method. Finally, we can compare the recon-
structed network with the reference network to assess the predictive power of the reconstruction
method.

[Kau�man, 1969] applied boolean networks to predict network structure. This approach is
intuitive because the structure of the problem, which is thenetwork, is inherent in the method. As
biological processes as well as the measurements by microarrays are noisy, [Friedmanet al., 2000]
explored Bayesian Networks for reverse engineering. The stochastic nature of Bayesian Networks
handles noisy data automatically. Therefore, Bayesian Networks seem to be a promising approach.



Chapter 2

Methods

2.1 cDNA Microarrays

2.1.1 Technical Background

cDNA microarrays, invented by [Schenaet al., 1995], are based on cDNAs isolated from cells and
then printed on glass or membrane slides. As the printing is based on the cDNA library, di�erent
spots have di�erent amounts of cDNA. Thus, inter-microarray and inter-gene comparisons are
di�cult to perform as every spot might be on a di�erent scale. Therefore, a reference is also
hybridized to the microarray labelled by another color. The preprocessing uses this information
to normalize the data such that every measurement is on the same scale.

2.1.2 Normalization

In the analysis of microarrays, one assumes that the measured intensity is linearly correlated with
the amount of mRNAs in the sample. Anyway, there are e�ects like 
uorescence quenching which
introduce non-linear e�ects into the measurement. One can use a lowess transformation to correct
against it, see next section. In addition, there are other linear e�ects from dye, sample, production
batch, etc. in
uencing the signal. We introduce ANOVA to rem ove such e�ects.

Lowess

In this section, we introduce the 
uorescence quenching e�ect, it's manifestation and explain the
lowess tranformation to correct this e�ect.

Quenching E�ect The mRNAs in the sample are labelled by 
uorescent markers. After
hybridization, the intensity is measured by activating 
uo rescence by a laser and measuring the em-
mited photons. Quenching occurs at high concentrations of 
uorescent material: The 
uorophores
emit photons while nearby 
uorophores absorb them such thatthe measured photons are less than
the emited ones, see [Kubistaet al., 1994]. The non-linear in
uence on the measurement is shown
by [Ramdas et al., 2001].

MvA Plots This quenching e�ect can be observed by MvA plots. MvA stands for 'Minus
versus Add' because the y-axis contaings log(R=G) = log R � logG and the x-axis log(R � G) =
logR + log G where R stands for red color measured intensity andG for green. Sometimes these
plots are also called R-I plots for ratio-intensity plots. An example is shown in �gure 2.1.

The raw data in �gure 2.1 shows a so called 'banana' shape. Lowexpressed genes seem to
be upregulated in the red channel while moderately expressed genes seem to be upregulated in
the green channel. As there is no biological explanation forthat, it might be an artefact. The
quenching e�ect can explain this observation because di�erent dyes have the quenching e�ect at

7
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Figure 2.1: An example MvA plot for (A) raw data with local reg ression lines (with di�erent
smooth spans) and (B) lowess transformed data with smooth span equal to 0.05.

di�erent levels/number of atoms. Here, the quenching e�ect for the green dye takes place for
a lower number of atoms than for the red dye. Thus, for genes inthis intensity interval, the
green intensities are underestimated leading to an overestimation of the red intensities. As the
red intensity is in the nominator of the values plotted at the y-axis, these values are going up.
In the intensity interval where also the red quenching e�ect starts to occur, we measure less red
intensity resulting in an overestimation of the green intensities. Thus, the denominator of the M
value decreases the value ofM .

Lowess Transformation [Yang et al., 2001] proposes a lowess transformation to correct for
the quenching e�ect. Lowess is an abbreviation for LOcally Weighted linear RegrESSion. The
procedure is quite simple: De�ne a window width (or smooth span) and run with this window
over the x-axis. For each window, estimate a regression lineconsidering only the points within the
window. These local regression lines are the colored lines in �gure 2.1A. Then, subtract for each
gene the value of the corresponding regression line from theM value

M � = M � c(R; G)

whereM � is the transformed M = log( R=G) value. c(R; G) is the value of the �tted regression
line. One can compute the regression line by a least square approach: Considering only the points
within the current window, de�ne the error of the �t by:

e(R; G) =
X

i

(c(Ri ; Gi ) � log(Ri =Gi ))
2 (2.1)

Minimizing (2.1) with respect to the parameter a and b of the function c(x; y) = a log(x � y) + b
gives us the parametera and b. Notice that we have to do this for every window. Then we can
easily computeM � by subtracting c(R; G) from M .
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ANOVA

Applying the lowess transformation to the data gives us a data set where the intensities correlate
with the mRNA amount. Anyway, other linear e�ects can still b ias the data. I.e., if we would
like to compare di�erent microarrays while the experiment is based on two batches of microarrays
(two di�erent production cycles), this two batches might ha ve di�erents properties. Also the dyes
can bias the results if the dyes behave di�erently. We call these in
uences e�ects. Thus, we can
formulate a model for the data where the right hand side of theformula explains the (measured)
value of the left hand side. The following model is based on [Kerr et al., 2000]:

Yijkg = � + A i + D j + AD ij + Gg + V Gkg + DG jg + AG ig + � ijkg (2.2)

Here, the valueYijkg is the measured intensity on thei th array of the j th color (normally red or
green), thegth gene and thekth variety. A variety is a sample, i.e., if we compare a wildtype with
a mutant, we have the two varieties 'wildtype' and 'mutant'. The model states that the measured
intensity is the sum of a baseline measurement� , which is the same for all measurements, an array
e�ect A i , a dye e�ect D j , an array-dye e�ect AD ij , a gene e�ect Gg, a variety-gene e�ect V Gkg ,
a dye-gene e�ectDG jg , a array-gene e�ect AG ig , and an error � ijkg . The goal is to estimate all
these e�ects by minimizing the error. If we are interested in the di�erentially expressed genes
between the varieties (often 'wildtype' and 'mutant'), we c an analyze the variety-gene e�ectV Gkg

e�ect because these e�ect describes the di�erence between the varieties for each gene.
There are several points to discuss regarding this model. First of all, we describe how to

determine di�erentially expressed genes leading to the multiple hypothesis testing problem. This
is followed by a discussion of the theoretical framework. Weconclude with some comments about
the experiment design.

Di�erentially Expressed Genes The model in (2.2) is a linear model. As we have already
mentioned, normally one might be interested in di�erential ly expressed genes. Thus, we would
like to test whether the gene-variety e�ect is zero or not. This is a typical Analysis of Variances
(ANOVA). If we assume the error to be normally and i.i.d. dist ributed then every e�ect follows
an F-distribution. Hence, we can apply an F-test to check whether, i.e. the variety-gene e�ect,
is unequal to zero or not. In this case, the null hypothesis isH0 : V Ggk = 0 under which V Ggk

follows an F-distribution. If PH 0 (V Ggk ) < � then the gene is signi�cantly di�erentially expressed
on a signi�cance level of� .

Multiple Hypothesis Testing If we check for each gene whether it is di�erentially ex-
pressed or not, we have to run thousands of tests. Let's denote the number of genes/tests byn.
Testing each gene on a level of� means that for each signi�cant gene we have a probability of�
that it's not di�erentially expressed. This is called a fals e positive. Assuming all gene to be not
di�erentially expressed (complete H0 hypotheses), leads ton � � expected false positives. Normally,
a reasonable signi�cance level is 5%. Having 10,000 genes onthe array and testing each of them
for di�erential expression, leads to 500 expected false positives. Now assume that we would �nd
750 di�erentially expressed genes. If a biologist would check this by single experiments he should
expect that only every third experiment succeeds.

Obviously, this is not the intention of the prediction. Ther efore, one should correct for the
multiple tests. The simplest method is the Bonferroni correction where each test is performed
on a signi�cance level of �=n . Unfortunately, this often results in a no di�erentially ex pressed
genes. Thus, there exist also not as conservative methods asthe Bonferroni correction. See
[Dudoit et al., 2004] for a detailled discussion.

Theoretical Framework As stated above, one performs an ANOVA to test whether an
e�ect is zero or not. If one is interested in performing other analysis on the normalized data, one
can simply take the estimated variety-gene e�ect as the expression value. Estimating the e�ects
(instead of testing) is normally called a regression.
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not yet completed

Experiment Design n ot yet completed

2.2 Oligo Microarrays

In this section, we deal with data generated by oligonucleotide microarrays. The main di�erence
to cDNA microararys is the fact that for oligo microarrays, t he number of oligonucleotides per
spot is the equal for every spot. Thus, it is much easier to compare di�erent arrays. Hence, the
arrays are hybridized only once without a reference sample.We assume the use of A�ymetrix
microarrays, [Lipshutz et al., 1999]. A�ymetrix microarrays are organized as follows: For each
gene there are 14 to 20 probe pairs in one probe set on one chip.Each probe pair has a Perfect
Match (PM) oligonucleotide and a Mismatch (MM) signal which is the same oligonucleotide with
one mismatch. After sample RNA binds to the probes, it is labelled with 
uorescence. The
intensity of 
uorescence which is assumed to be proportional to the amount of RNA in the sample
is measured. These measurements contain systematic and stochastic errors, which we have to
minimize. This is the goal of preprocessing. It retrieves for each gene one intensity which is
comparable between di�erent arrays. After preprocessing we discuss several methods for verifying
the quality of the data. In the last part of this section, we look at the problem of discretization.

2.2.1 Preprocessing

Preprocessing comprises background correction, normalization, and expression summarization.
There exist several preprocessing methods like MAS 5.0 fromA�ymetrix (see [A�ymetrix, 2002]),
Robust Multiarray Analysis (RMA) introduced by [Irizarry et al., 2003b], and Variance Stabilizing
Normalization (VSN) described in [Huber et al., 2003].

Background Correction Background correction is done for each microarray separately. It
eliminates the e�ects of non-speci�c binding and of auto 
uorescence of the array. In VSN,
background correction is automatically done by normalization.

Normalization Normalization is necessary because of systematic di�erences in the amount of
RNA between arrays caused by:

� RNA extraction

� Reverse transcription

� Labelling

� Photodetection

There are two di�erent approaches to normalize data:

� Retrieving normalization parameters by experiment

� Estimating normalization parameters

An experimental solution uses the intensities of house keeping genes. The amount of RNA of
these genes is known from the experimental design so that allintensities can be adjusted. If no
house keeping genes are availabe, the normalization parameters are estimated by the measured
values assuming that most of the genes are not di�erentiallyexpressed. A standard method is
quantile normalization (see [Bolstadet al., 2003]). Improved methods like VSN are based on error
models. These methods also consider stochastic e�ects like



2.2. OLIGO MICROARRAYS 11

� spotting e�ciency / spotsize,

� cross- / unspeci�c binding,

� stray signal.

Several error models have been proposed:

� MAS 5.0: This version takes as error model:

log(P M ij � CTij ) = log(� i ) + � ij (2.3)

Here P M ij denotes the PM intensities andCTij is for avoiding taking the log of negative
numbers and is equal toMM ij when MM ij < P M ij and is adjusted to be less thenP M ij

when MM ij � P M ij .

� LiWong: [Schadt et al., 2001] proposes the error model:

MM ij = � j + � i � � j + � ij (2.4)

P M ij = � j + � i � � j + � i � � j + � ij (2.5)

There MM ij and P M ij is the MM and PM for the i th array and the j th probe. � j is the
baseline response due to nonspeci�c hybridization and� j is the rate of increase of the MM
response.� j is the additional rate of increase in the corresponding PM response.� ij is the
random error. The probe response is yielded by the PM-MM di�erence:

yij = P M ij � MM ij = � i � � j + � ij (2.6)

With some constraints on the parameters, one can estimate the parameters iteratively with
least squares estimates.

� RMA: In [Irizarry et al., 2003a] another error model is proposed:

T(P M ij ) = ei + aj + � ij (2.7)

There T represents the transformation for background correction,normalization and logs the
PM intensities. The normalization method is called quantile normalization (see appendix on
page 39). ei is the log2 scale value found on the arrays,aj represents the log scale a�nity
e�ects and � ij the error. The advantage of this model in comparison to the LiWong model
above is that here the log transformation avoids the very strong variance-mean dependence.

� VSN: This method is based the standard error model. In this model, one can show that
the variance of measured intensityYk of genek has a quadratic dependence of the mean of
Yk . As shown in [Huber et al., 2003] and [Huberet al., 2002] one can transform the data to
make the variance independent of the mean. LetX u be a family of random variables with
EX u = u, V ar(X u ) = v(u). De�ne the transformation

h(x) =
Z x 1

p
v(u)

du: (2.8)

Then V ar(h(x)) is independent of u. The variance stabilizing method is implemented in the
library vsn of Bioconductor (www.bioconductor.org).

We think that VSN is the most advanced one based on a reasonable statistical framework.
Therefore, we explain it in more detail: A microarray experiment comprises several microarray
samples i = 1 ; : : : ; d. For each sample, we havek = 1 ; : : : ; n di�erent probes. Now, we can
decompose the measured valueyki into a subsumed unspeci�c signal contribution � ki and a pro-
portionality factor � ki of the real transcript abundance xki :
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yki = � ki + � ki � xki (2.9)

The unspeci�c signal contribution consists of non-speci�c hybridization, cross-hybridization,
and unspecifc background signals. The technology of microarrays leads to a relation of the unspe-
ci�c signal contribution � ki resp. the proportionality factor � ki between di�erent samples i and
also between di�erent probesk:

� ki = � i � 
 k � exp(� ki ) (2.10)

� ki = ai + �� ki (2.11)
X

� ki =
X

�� ki = 0 (2.12)

The proportionality factor is decomposed into a sample normalization factor � i and a probe
a�nity factor 
 k . The remainder is subsumed in exp(� ki ). The unspeci�c signal contribution has
two components: The per sample o�setai and a remainder �� ki . The parameters can be chosen
such that the remainders sum to zero. We can go on reducing thenumber of parameters by three
modeling steps:

1. 
 k is not estimated as we consider the measure of transcript abundance in probe-speci�c
units: mki = 
 k � xki .

2. Take � ki and �� ki as noise term, independently and identically distributed (iid).

3. Estimate the remaining parameters from the data.

Plugging in these assumptions and decompositions, and considering yki as realizations of a
random variable Yki (because of the two stochastic noise terms), we retrieve a stochastic model

Yki = � ki + � ki � xki (2.13)

= ai + �� ki + � i � 
 k � exp(� ki ) � xki , (2.14)
Yki � ai

� i
= mki � exp(� ki ) + � ki (2.15)

with � ki = �� ki =� i . We could also write (2.14) by ignoring the index i and comprising some
variables such that we get

Yk = � + � k � e� + � (2.16)

This the standard error model introduced by [Rocke & Durbin, 2001]. It states that the mea-
sured intensity Yk of genek is composed of an o�set� , the real intensity � k , and a multiplicative
resp. additive error term � respectively � . Anyway, let's go on with (2.15): If we assume normally
or approximately normally distributed noise terms � ki � N (0; � 2

� ) and � ki � N (0; � 2
� ), we can

compute the expectation and variance ofYki as

E(Yki ) = ai + � i � mki � E (exp(� ki )) (2.17)

V ar(Yki ) = V ar(� ki � � i ) + V ar(� i � mki � exp(� ki )) (2.18)

= c02
� � � 2

i � m2
ki + � 2

i � � 2
�

with c02
� = V ar(exp(� ki )). See page 40 for some preliminary maths. When computing the

variance, we �rst of all substitute �� ki by � ki � � i . As � ki and � ki are iid, we can split the variance.
Then we change the order and shift constant values out of the variance by squaring. Solving (2.17)
for � i , plugging into (2.18) for the �rst � i shows the dependence of the variance on the expectation



2.2. OLIGO MICROARRAYS 13

V ar(Yki ) = c02
� � � 2

i � m2
ki + � 2

i � � 2
� (2.19)

= c02
� �

�
E (Yki � ai )

mki � E (exp(� ki ))

� 2

� m2
ki + � 2

i � � 2
�

= c2
� � (E (Yki ) � ai )2 + � 2

i � � 2
�

with c2
� = c02

� =E2(exp(� ki )). For probes with a high transcript abundance, the variance is
dominated by the �rst quadratic term and is therefore depending on � 2

� . Probes of unexpressed
genes have a variance of approximately� 2

i � � 2
� . This is the background noise level for the i-th

sample. As we can see, the variance contains the expectationvalue, meaning that the variance
depends on the expectation value. We can write (2.19) more generally as

v(u) = c2 � (u � a)2 + b2 (2.20)

The next step is to derive a transformation in general for this variance, in which the variance
becomes independent of the expectation value. Before doingso, we look at an example: Figure
2.2 shows an sdm-plot for raw and normalized data. An sdm plothas the ranked mean per gene
on the x-axis and the standard deviation per gene on the y-axis. We can clearly see, that for
low transcript levels, the variance (as it's simply the squared standard deviation) is constant.
The reason is that (2.20) is dominated by the additive error b2. In contrast, genes with higher
transcript levels having a higher mean have a higher and increasing variance. This is due toc2

in (2.20) because the expectation valueu dominated the variance. As such a dependence makes
analysis di�cult, we transform the data to get a constant var iance.

Transformation Derivation Let X denote a random variable with E(X ) = u and h a
function which is de�ned over the range ofX and di�erentiable. We can make a �rst-order Taylor
approximation at the mean (also known as delta method)

h(X ) = h(u) + h0(u) � (X � u) + r (X ) � (X � u) (2.21)

with r (X ) as a continuous function with r (u) = 0. The variance can be computed as:

V ar(h(X )) = V ar(h(u) + h0(u) � (X � u) + r (X ) � (X � u)) (2.22)

= V ar(h0(u) � (X � u)) + 2 � Cov(h0(u) � (X � u); r (X ) � (X � u))

+ V ar(r (X ) � (X � u))

= h0(u)2 � V ar(X ) + 2 � [E [h0(u) � (X � u) � r (X ) � (X � u)]

� E [h0(u) � (X � u)] � E [r (X ) � (X � u)]] + V ar(r (X ) � (X � u))

= h0(u)2 � V ar(X ) + V ar(r (X ) � (X � u))

+2 � h0(u) � E [r (X ) � (X � u)2]

After using (3.2), we apply (3.7) to the covariance term. AsE(X � u) = E(x) � u = u � u = 0
the second term of the decomposed covariance is zero. We get the �rst term becauseV ar(X � u) =
V ar(X ). If h is approximately linear, the term r (X ) is small and therefore the terms involving
r (X ) are negligible. For a family of random variablesYu with E(Yu ) = u and V ar(Yu ) = v(u), we
can write:

V ar[h(Yu )] � h0(u)2 � v(u) (2.23)

The variance stabilizing transformation should make the right hand side constant. Setting
h0(u) = v� 1=2(u) leads to a constant on the right hand side of the equation. Byintegrating, we
obtain:
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Figure 2.2: Rank vs. Mean Plot to show the need for a variance stabilizing transformation.
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h(y) =
Z y

1=
p

v(u) � du (2.24)

If we assumev(u) = c2 � (u � a)2 + b2, we can compute the integral of (2.24). The derivation
is shown in the end of this document.

h(y) =
Z y

1=
p

v(u) � du (2.25)

=
Z y 1

p
c2 � (u � a)2 + b2

� du

=
1
c

� arsinh
� c � u

b
�

a � c
b

�
(2.26)

With this equation we can make the variance independent of the expectation value. Now, we
have to �nd the transformation for our model in (2.15).

Transformation of the Model for Microarray Intensities It is easily seen that we can
substitute the appropriate terms in 2.19 by a, b, and c, such that we get the transformation

h(Yki ) =
1
c2

�
� arsinh

�
Yki � ai

bi

�
(2.27)

with bi = � i � � � =c2
� . The factor is negligible because it is an overall scaling factor. We obtain

a better interpretation of (2.27) if we substitute the term o f the inverse hyperbolic sine according
to (2.15):

arsinh
�

Yki � ai

bi

�
= arsinh

�
Yki � ai

� i � � � =c2
�

�
(2.28)

= arsinh

"
c2

�

� �
� (mki � exp(� ki ) + � ki )

#

= ~mki

= Earsinh

"
c2

�

� �
� (mki � exp(� ki ) + � ki )

#

+ � ki

= � ki + � ki

where ~mki is a random variable. This random variable can be decomposedinto its expectation
� ki which is the true abundance on the transformed scale and an error term � ki . It is obvious
that the mean of � ki is zero and its variance is independent of the expression value as we have
constructed it. Thus, we have achieved two goals: First, we have transformed the data such that
the mean of the error is zero. Second, the variance is independent of the expression value.

The use of arsinh(�) as a transformation becomes more intuitive by comparing tothe logarithmic
transformation which is normally used. The arsinh(�) function is similar to the logarithm with the
di�erence that it has no singularity at zero. It continues to be smooth and real valued for small
and negative intensities. Figure 2.3 shows the logarithm and the inverse hyperbolic sine function.

We can also look at the analytical relationship between arsinh(�) and log(�):

arsinh(x) = log( x +
p

x2 + 1) (2.29)

lim
x !1

(arsinh(x) � log(x) � log(2)) = 0 (2.30)

Thus, if we compare two expression values: �hk ;ij = hi (yki ) � hj (ykj ) we get
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Figure 2.3: Plot of the logarithm function and the inverse hyperbolic sine function.

� hk ;ij = arsinh( zki ) � arsinh(zkj ) (2.31)

= log
zki +

p
z2

ki + 1

zkj +
q

z2
kj + 1

(2.32)

with zki = ( yki � ai )=bi and zkj = ( ykj � aj )=bj . For large intensities, the squared value in
the root dominates and we can ignore the plus one. This yieldsto a normal log-ratio, whereby
we can state that the di�erence of two transformed genes withhigh intensities is similar to the
log-ratio. On the other side, if the intensities are small (< 1), we can ignore the squared term in
the root and get the log-ratio of a fraction where the nominator and the denominator are nearly
one. As the logarithm of one is zero, the logarithm of a numbernear to one is the number itself.
This results in the di�erence of the transformed valueszki � zkj for small intensities.

Parameter Estimation We have introduced several parameters in the model. These pa-
rameters are estimated by robust maximum likelihood. We cannot use the normal maximum
likelihood approach because the model is valid for non-di�erentially expressed genes only. If we
use normal maximum likelihood for parameter estimation, the di�erentially expressed genes would
bias the parameters. Nevertheless, we introduce the normalmaximum likelihood and modify it
afterwards to make it more robust.

The maximum likelihood approach chooses the modelM (our parameter set) with the highest
probability given the data D :

M̂ = argmax
M

P(M jD) (2.33)

We can substitute the posterior P(M jD) according to Bayes:

P(M jD) =
P(D jM ) � P(M )

P(D)
(2.34)

As M is the set of parametersM = ff ai g; f bi g; c; f � k gg and we do not know anything more
about them, we assume that they are uniformly distributed. This makes the maximization of
(2.34) independent ofP(M ). It is also independent of P(D). Hence, to maximize P(M jD), we
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can maximizeP(D jM ). As we assume a standard normal distribution with density � , we get the
probability of observing a value yki in the interval [ y�

ki ; y�
ki ]:

P(D jM ) = P(yki 2 [y�
ki ; y�

ki ]) (2.35)

=
Z h i (y �

ki )

h i (y �
ki )

�
�

hi (yki ) � � k

c

�
� dhi (yki ) (2.36)

=
Z y �

ki

y �
ki

�
�

hi (yki ) � � k

c

�
� h0

i (yki ) � dyki (2.37)

The last step is done according to (3.17). Thus, we can choosethe parameters by maximzing
the likelihood:

nY

k=1

dY

i =1

�
�

hi (yki ) � � k

c

�
� h0

i (yki ) (2.38)

Now we can estimate the parameters ofhi numerically with help of the pro�le likelihood
according to [Murphy & van der Vaart, 2000]. To make the estimator robust, we use only a subset
of probes in the maximization of (2.38). This is done by leasttrimmed sum of squared regression
(see [Rousseuw & Leroy, 1987]), where the subset is chosen byavoiding probes, which have a large
residual.

With this procedure, we can calibrate automatically the data by the estimated parameters,
which in addition makes the variance independent of the expectation. Now, we can conclude
that genes with higher variance are supposed to be di�erentially expressed. Thus, we can use the
variance as a measure whether the gene is di�erentially expressed or not.

Expression Summarization After normalizing the data, we retrieve expression values for each
probe in a probe set. These probes are summarized to an intensity of a gene in the last step called
expression summarization. VSN uses median polish for this task (see [Tukey, 1971]). Median polish
assumes an additive model. This means that the measured geneexpression value is explained by
a sum of an overall factor, a probe factor, a chip factor, and an error term. The factors are
estimated by an iterative procedure which uses the median over the probes/chips. The predicted
gene expression value is the sum of the overall factor and thechip factor. Therefore, we get a gene
expression value for each chip where the probes are summarized as the probe factors are ignored.

2.2.2 Quality Check

In microarray experiments there are sometimes crude errors, which make a chip unusable. It is
important to �nd and exclude such chips because otherwise these errors would a�ect the whole
analysis. On the other hand normalization a�ects the data strongly. Therefore, we need methods
to check the result of normalization. For these purposes we use two methods which are presented
next.

Standard-Deviation vs. Mean Plot

The Standard-Deviation vs. Mean (SDM) plot takes as �rst coordinate the mean or the ranked
mean of a gene over all chips. The second coordinate the standard deviation of the gene. This plot
is made especially for the analysis of the e�ects of normalization methods. As we have described
above, the variance, which is the squared standard deviation, is dependent on the mean. Thus,
the SDM of unnormalized data will show an increasing gradient while the SDM of normalized data
should have a nearly constant function.
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Median Absolute Deviation

Median Absolute Deviation (MAD) is used to �nd waste chips. I t is based on a distance matrix,
visualized by color. Let xki denote the expression value of genesk = 1 : : : n on chip i = 1 : : : d.
We denotex i the vector of all genes on chipi . Then we get a distance matrixD = ( dij ) j =1 :::d

i =1 :::d by
computing dij = dist( x i ; x j ). The function dist( �; �) computes the distance between the arguments.
Of course, for MAD we use the median of the absolute deviationdist := mad( �; �) de�ned as follows:

mad(x i ; x j ) := median( jx1i � x1j j; : : : ; jxni � xnj j) (2.39)

Apart from this measure, one can also use correlation coe�cients or other standard distance
measures. The distance matrix can be visualized easily by taking i and j as coordinates anddij

as the intensity of color at this point. We use dark blue for small dij and yellow for largedij . The
transition from small to large values is marked by a continuous course of color. This results in a
dark blue diagonal because the distance between a chip and itself is zero. The distance measure
is symmetric as we take the absolute value of di�erences. Therefore, we havedij = dji and it is
regardless whether we look at the rows or columns. We prefer columns.

Waste chips will have a high distance to all other chips. Thisresults in a nearly complete
yellow column except at the diagonal point. Normal chips should have similarities to the other
chips especially to their replicates. Apparently, the visualization depends on the ordering. If
we order all replicates next to each other, this should result in a matrix where all columns are
homogeneous at least as broad as the number of replicates are. If we additionally order the chips
corresponding to their biological similarity, we will retr ieve many blue squares with the center on
the diagonal.

To detect extreme outliers on the level of chips more easily,one can take the median of each
column and plot this value vs. the chip number. Peaks in this plot are created by chips which
have a large distance to all other chips.

2.2.3 Discretization with k-means clustering

The measurements of mRNA in a cell return real values. This makes it di�cult to de�ne when the
amount of mRNA has not changed because we cannot expect to have the same measured value in
this case. Therefore it is recommended to discretize the data.

Discretizing is a critical task. First of all, we have to decide whether we discretize all genes
to the same levels or if we discretize each gene individually. A compromise is to assume for all
genes the same number of levels but to compute the levels for each gene individually. We use the
clustering algorithm k-means, due to [Hartigan & Wong, 1979], to cluster each gene separately.
The discretized value of an intensity is the number of its cluster.

For the description of k-means clustering we ignore the geneindex of the variables as we
cluster each gene separately. Given the intensities ofd chips by x1; : : : ; xd, we set k equal to
the number of discretizing levels retrieving discretized intensities x0

1; : : : ; x0
d 2 f 1; : : : ; kg. The

clustering algorithm is simple:

1. Initialize k centroids z1; : : : ; zk randomly.

2. Assign eachx i to its nearest centroidszj ( i ) :
c(i ) = argmin j =1 :::k dist(x i ; zj ) 8i

3. Move centroids to the center of its cluster:
zj = 1

jf i :c( i )= j gj

P
f i :c( i )= j g x i 8j

4. Go to step 2 until the assignment keeps stable.

5. To use this clustering algorithm for discretization, we have to ful�ll two additional steps:

(a) Order the index set f 1; : : : ; kg according to the values ofzj . We denote the ordered
indices with j 0.
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(b) Set the discretized values to its cluster numbers:
x0

i = j 0

The one dimensional euclidean distancedE (x; y) =
p

(x � y)2 = jx � yj is used as distance
measure. It is apparent that k-means clustering group the data into k groups according to their
values. The groups are represented by the centroids. As the centroids are attracted by the nearest
data points exclusively, they spread over the complete interval of data values. Finally, each data
point has a centroid in its near neighborhood, and all data points in this neighborhood have a
similar value. The advantage of k-means clustering as discretization algorithm is the fact that for
each gene only the relative distances between the data points are considered.

2.3 Correspondence Analysis

As one experiment comprises many microarrays and each microarray contains thousand of genes,
we have to deal with very high dimensional data. If one has high dimendional data, it is di�cult to
look at the underlying structure of the data, as we cannot look at data in a space higher than two
or three dimensions. Thus, it is proximate to reduce the dimensions of the data to two dimensions
where we can visualize it easily. Of course, we want to see thetwo dimensions which contain most
information. This is done by correspondence analysis.

First, we will transform the data by basis transformation. W e do this so that the �rst two
components of each basis contain most information. Then we ignore the remainding components
and visualize the data according to the �rst two components. The transformation is done by
singular value decomposition. This transforms a matrixA to a product of an orthogonal matrix
U, a diagonal matrix � 1=2, and another orthogonal matrix V T :

A = U � � 1=2 � V T (2.40)

U contains the eigenvectors of the column space whileV contains the eigenvectors of the
row space ofA. � 1=2 contains the eigenvalues

p
� i of A. We will show, that we can do such a

decomposition, and that the eigenvectors to the highest eigenvalues correspond to the direction
in the space containing most information. This means, that we can plot the rows of the data by
transforming to the basis contained inV and the columns of the data by transforming to the basis
in U.

2.3.1 The Proof

As U and V are orthogonal matrices, they hold

UT � U = V T � V = I (2.41)

where I is the identity matrix. Now, we can multiply AT to (2.40):

A = U � � 1=2 � V T , (2.42)

AT � A = AT � U � � 1=2 � V T (2.43)

= ( U � � 1=2 � V T )T � (U � � 1=2 � V T ) (2.44)

= V � � 1=2 � UT � U � � 1=2 � V T (2.45)

= V � � � V T (2.46)

After multiplying with AT from the left side, we substitute the AT on the right side of the
equation by (2.40). Then we apply the transposition as shownin the Maths section 3.3.1, and
use the identity of UT � U as written in (2.41). We obtain the singular value decomposition of a
symmetric, and therefore, quadratic matrix. The symmetry of AT � A is shown in (3.24) in the
Math section 3.3.2. Now, we can compute the eigenvalues and eigenvectors ofAT � A. We show in
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the Math section 3.3.3 that the eigenvectors of a symmetric matrix are always orthogonal. How
do we retrieve U? This can be done by the transformationA � vi =

p
� i � ui which we get by

multiplying vT
i and A to the eigenvalue equation. First, we multiply the equation with vT

i :

AT � A � vi = � i � vi , (2.47)

vT
i � AT � A � vi = � i � vT

i � vi , (2.48)

hA � vi ; A � vi i = � i , (2.49)

kA � vi k =
p

� i (2.50)

As � i is a scalar, we can shift it. We use the de�nition of the scalarproduct hx; x i = xT � x
where it does not matter whether x is multiplied by a matrix or not. On the right hand side of
the equation we apply the orthogonality of the vectors of vi . Then we take the squared root on
both sides yielding the norm which is de�ned askxk2 = hx; x i . The next step is to multiply A to
the eigen equation:

AT � A � vi = � i � vi , (2.51)

A � AT � A � vi = � i � A _vi , (2.52)

On the left side we can set the brackets so that we get (A � AT ) � A � vi . We can therefore see,
that A � vi is a eigenvector toA � AT . We can get the nunit eigenvector by dividing by the length
of it which we have obtained in (2.50). We get:

A � vi

kA � vi k
=

A � vip
� i

= ui (2.53)

We retrieve the equation A � vi =
p

� i � ui which means that A is diagonalized by the basisU
and V because we can write the equation for all components asA � V = � 1=2 � U. As � 1=2 is a
diagonal matrix and V a orthogonal matrix, we get the equationA = U � � 1=2 � V T . Thus, we have
demonstrated how to decompose a matrix in its singular values.

In the beginning we said, that the components of the highest eigenvalues in the transformed
space contain the most information. This can be shown simply, because so far we have seen that
the eigenvalues ofAT � A are the squared eigenvalues ofA. Thus, the ordering of the eigenvalues
is not e�ected by taking AT � A instead of A. As we know that the covariance matrix of centered
data A is given by AT � A with a scalar factor (inverse of the number of samples), we diagonalize
in the singular value decomposition the covariance matrix of the data. As the variances are
on the diagonal and the covariances are zero in the transformed space, the highest eigenvalues
correspond to the components with the highest variance. This makes sense because a component
without variance would be constant which means containing no information. On the other side,
components with high variance contain more information. Wecan add the two highest eigenvalues
and divide by the sum of all eigenvalues to retrieve the percentage of information which is visualized
by the two dimensional plot. This holds only if the data is centered, hence we have to center the
data before decomposing it.

2.3.2 Interpretation

There is also a graphical interpretation of the singular value decomposition as shown in �gure 2.4.
The matrices U and V T perform rotations and mirroring while � 1=2 dilates the data: A is a linear
map. It maps the canonical basis which one can imagine as a unit circle in two dimensions and a
unit sphere in three dimensions into an ellipse respectively an ellipsoid which do not need to be
parallel to the axes. We can express this map by rotating the unit circle so that the basis vectors
are on the axes which is done byV T . Then we dilate the circle to an ellipse with � 1=2 and rotate
the ellipse by U. As we assume thatA has the canonical basis, we can visualize the data simply
by plotting the two components corresponding to the two highest eigenvalues.
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Figure 2.4: Shows the transformation done by the matrices obtained by the singular value decom-
position: First, V T rotates the basis vector (blue) such that they �t the axis (bl ack). Then, � 1=2

dilates and compresses the blue circle to the red ellipse. Lastly, the ellipse is rotated by U to the
green ellipse.

If we apply the correspondence analysis to the microarray data, we can visualize the chips
or the genes or both. Plotting the eigenvectors inU means spanning the column space,V T

respectively the row space. Detecting outliers of chips is done best by visualizing only the chips.
If there are points far away from all others, we can assume that these are waste chips if there is no
biological explanation. Correspondence analysis can be done with unnormalized and normalized
data. Of course, in the �rst case we can only interprete largedistances between genes because
the detailed relations are blurred by errors we eliminate bynormalizing. After normalizing it is
sometimes useful to plot also the points for the genes. If i.e. the �rst coordinate is similar to a
time axis which often happens because many genetic di�erence evolute over time, we can �nd the
most di�erentially expressed genes over time on the left andright end of the plot. This gives us a
powerful tool to \look" at high-dimensional data.

2.4 Data Simulation

Data generated by microarrays is very noisy as the measurement process is complex and contains
many di�erent sources of errors. It is not reasonable to use only such data to assess whether
a new method works in general or not. Therefore, we also use simulated data. As mentioned
in the introduction, the simulation of the biochemical reactions in a cell leads to a very realistic
model. We cannot use it for reverse engineering as there are too many parameters to be estimated.
Nevertheless, we can determine the parameters and take the outcome of the system as measured
data. Subsequently, we can apply our method to the generateddata with the goal to reconstruct
the known arti�cial network. After describing the mathemat ical model, we review the basic
components of a genetic regulatory network. We then apply the model to these basic components.
Finally, we illustrate the simulation network.

2.4.1 Simulation Model

The activation, transcription, and translation of genes are chemical reactions. Therefore, we need
a mathematical model for chemical reactions. Subsequently, we apply this model to genetic reg-
ulatory networks. We simulate the temporal behaviour of chemical reactions with di�erential
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equations under the assumption of no further interactions between the environment and the mod-
eled molecules. We begin with the most basic reaction, and we�nish with the complete reaction
system of the network.

Concept of Molecular Dynamics We demonstrate the concept following the illustration of
[Deu
hard & Bornemann, 2002]. Let A and B denote substances which follow the monomolecular
reaction A ! B . We assume both elements to be aeriform, therefore we can apply the kinetic
gas theory of Boltzmann. The fundamental of this theory is the assumption that the number of
collisions between two molecules is constant per volume unit and time unit assuming constant
pressure, volume, and temperature. Furthermore, we assumethat the reaction A ! B is ful�lled
with a constant probability when a collision occurs. If we denote the number of molecules of
A with nA , the number of molecules ofB with nB , the di�erence in the number of molecules
� nA and � nB in a small interval of time � t follows the proportionality � nA / � nA � t . This
proportionality is apparent as A is on the left side of the equation and therefore transformedto
B resulting in a smaller number of moleculesA. The law of conservation of mass gives us an
additional equation � nB = � � nA . For the time interval � t ! 0 we get di�erential equations
with k as reaction rate coe�cient, the speed of the reaction:

dnA (t)
dt

= _nA = � k � nA (2.54)

dnB (t)
dt

= _nB = k � nA (2.55)

We ignore the discrete nature of the number of molecules as wenormally are interested in
systems with a large number of molecules. We can also expressthe di�erential equations according
to the concentrationscA (t) = nA (t)=V and cB (t) = nB (t)=V in a constant volumeV . Substituting
these terms into (2.54) and (2.55) results in di�erential equations:

_cA = � k � cA (2.56)

_cB = k � cA (2.57)

These equations can be solved easily for the initial valuescA (0) = 1, and cB (0) = 0:

cA (t) = exp( � k � t) (2.58)

cB (t) = 1 � exp(� k � t) (2.59)

This scheme can be extended to bimolecular reactionsA + B 
 C + D. In addition to the
reaction rate coe�cient from left to right k1, we get the reaction rate coe�cient from right to left
k2. This leads to di�erential equations:

_cA = _cB = � k1 � cA � cB + k2 � cC � cD (2.60)

_cC = _cD = k1 � cA � cB � k2 � cC � cD (2.61)

The interpretation is straightforward: In a small interval of time the change of concentration for
moleculesA is composed of two parts: First, it is the negative amount of moleculesA transformed
to other molecules (C, D). Second, the concentration is increased by the amount of molecules of
other types (C, D) transformed to moleculesA. The more reactans and reaction we consider, the
more complex the system becomes. In general, we cannot solvethe system of ordinary di�erential
equations (ODEs) analytically. Therefore, one uses a numerical integrator.
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Figure 2.5: Transcriptional regulatory module taken from [Zak et al., 2003]. It shows the reaction
of the dimerized protein J2 from geneJ with its promotor PIJ from geneI . Both, the promoter
and the activated promotor, can react to the gene transcriptMI . Translation produces the protein
I . The protein I can dimerize to I 2.

Equations for the Transcriptional Regulatory Module This concept of chemical reactions
can be transferred to the simulation of genetic regulatory networks. Due to [Barkai & Leibler, 2000],
the basic components of a genetic regulatory networks are transcriptional regulatory modules. Fig-
ure 2.5 shows a module.

Genes are modelled by their promotors.PIJ denotes the promotor for geneI which can be
activated by a dimerized protein from geneJ . Activation is modelled as a reaction between a
dimerized protein from gene J yielding J2 with the promotor PIJ : PIJ + J2 
 J2PIJ . The
transcript MI of geneI is the result of transcription. This is modelled by a reaction from the
(activated) promoter yielding MI : PIJ ! MI and J2PIJ ! MI . Of course, this does not cor-
respond to reality, however, the results of the simulation approximate the transcription processes
well enough for our purpose. The transcriptMI of geneI is translated to the protein of gene I
by the reaction MI ! I . The reaction 2� I 
 I 2 dimerizes protein I to I 2. Comprisingly, we get
following reactions:

PIJ + J2
k1


k2

J2PIJ (2.62)

MI
k3! I (2.63)

2 � I
k4


k5

I 2 (2.64)

PIJ
k6! MI (2.65)

J2PIJ
k7! MI (2.66)

The reaction (2.62) can be written as

[ _PIJ ] = � k1 � [PIJ ] � [J2] + k2 � [J2PIJ ] (2.67)

where brackets denote concentrations. As molecules are degraded over time, we include a
degradation process wherekdi is the speed of degradation. So, reactions (2.63), (2.64), and the
degradation process withkd1 yield a di�erential equation:

[ _I ] = k3 � [MI ] � 2 � k4 � [I ]2 + 2 � k5 � [I 2] � kd1 � [I ] (2.68)

The promotor I 2 is also a�ected by all its binding and unbinding reactions, which we denote
as

P
P B and

P
P U. With the degradation rate coe�cient denoted as kd2 , it yields the following

di�erential equation:

[ _I 2] = k4 � [I ]2 � k5 � [I 2] � kd2 � [I 2] �
X

P B +
X

P U (2.69)

For the equation of mRNA MI based on the reactions (2.65) and (2.66), we also consider a
degradation rate coe�cient kd3 :
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[ _MI ] = k6 � [PIJ ] + k7 � [J2PIJ ] � kd3 � [MI ] (2.70)

If the gene is regulated by more promoters, the reaction ratecoe�cients of the additional
promoters have to be added equally.

2.4.2 The Simulation Network

[Zak et al., 2003] proposes a gene regulatory network built of modules of transcriptional regulation.
These modules are arranged to regulatory motifs. The fundamental mechanisms of this network
are taken from biological literature. There are four di�erent regulatory motifs:

� Cascade: A cascade is a unidirectional 
ow.

� Mutual repression: Two genes which mutually repress each other.

� Auto-activation and sequestration: The dimerization partner of a TF determines its regula-
tion.

� Agonist-induced receptor down-regulation: A ligand binds to its receptor and activates tran-
scription. The transcribed mRNA acts as a repressor of the receptor.

The constructed network is dependent on the presence of a stimulus Q. The network in absence
of the stimulus is shown in �gure 2.6, in presence of the stimulus in �gure 2.7. The network contains
cascades (i.e. C - G - H, C - K - J), a mutual repression motif (C -D), auto-activation (A - B),
and an agonist-induced receptor down-regulation (E - F - D).

Figure 2.6: In silico genetic regulatory net-
work in absence of the stimulus taken from
[Zak et al., 2003].

Figure 2.7: In silico genetic regulatory net-
work in presence of the stimulus taken from
[Zak et al., 2003].

2.5 Bayesian Networks

We want to retrieve the regulatory network structure by expr ession values of genes. We have to
state that we do not know the exact expression of a gene because it is perturbed by the environment
and the measurement as we have seen above. Thus it is obvious to consider the genes as random
variables denoting X i for gene i . The observed expression values of the genes are realizations
of the random variables. This leads to a statistical framework with a set of random variables
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X = f X 1; : : : ; X n g. The measured expression values on a microarray chip is the set of realizations
of the random variables of the setX . As we are looking for the regulatory structure of the genes,
we have to de�ne what \regulate" means: A gene i regulates genej if the expression value of
genei directly in
uences the expression value of genej . This in
uence of gene i on genej is a
stochastic dependence of random variableX j on random variableX i . The joint distribution P(X )
is in
uenced by the dependencies, and as we measure realizations of the joint distribution, it is
intuitive to take the joint distribution as a starting point .

Analytic distributions are de�ned by sets of parameters. We are interested in the parameters
which de�ne the dependencies between the random variables.We can visualize the dependencies
by considering each random variable as a node drawing arrowsfrom the given random variable to
the dependent one. We denote these dependencies / parameters by � and call it structure. Since
� does not describe the whole joint distribution, we need someadditional parameters denoted by
� = ( � i ) i =1 ;:::;n . Each component of this vector describes the local distribution for one random
variable / node. Altogether, the model M = f �; � g de�nes the joint distribution. It describes how
the expression values/realization denoted with datax have been generated. Actually, we want to
learn the structure � from x. So we are interested in the posteriorP(� = � jX = x), which is the
probability of the structure given the data. We abbreviate t erms like this generally by ignoring
the random variables if they are clear from context giving P(� jx). One fundamental problem is
that for the greatest part it is not possible to compute this probability directly. Therefore we use
Bayes' theorem1 to compute the posterior:

P(� jx) =
P(xj� ) � P(� )

P(x)
(2.71)

If we want to obtain the best model, we maximize in (2.71) overall structures � . However, we
cannot compute the likelihood P(xj� ) without the remaining parameters � . Hence we integrate
over all � :

P(� jx) =
P(xj� ) � P(� )

P(x)
(2.72)

=

R
� P(xj�; � ) � P(� j� ) � P(� ) � d�

P(x)

As the prior of the data P(x) is independent of � , we do not need to compute it. Then, the
result is not a probability anymore but a score for the structure � . Nevertheless, we have to
compute the integral over the parameter space which is not trivial.

To clarify the meaning of these parameters, and to show how tosolve the integral, we introduce
the concepts with a toy example based on one random variable.Before we can generalize this
concept for multivariate random variables, we analyze dependencies between random variables
as this is the mathematical analogue of genetic regulations. We complete this section with the
explanation of the approximative algorithm Monte-Carlo-M arkov-Chain (MCMC) to learn the
dependencies of a set of random variables given their realizations.

2.5.1 Univariate Case

In this subsection, we introduce some preliminary principles for Bayesian Networks. To keep it
simple, we use for this purpose a univariate distribution instead of multivariate one. We show how
to estimate the parameters, which is called parameter learning. A univariate distribution does not
have a structure � . The model M only consists of� , giving M = � . Therefore, we learn the model
M or parameters � instead of � . We clarify this with an example:

1This is the reason for \Bayesian" Networks.
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Binomial Model - Coin Toss Example We consider a Bernoulli-experiment with a coin but
we do not know whether it is a fair coin or not. Then we have 
 = f head; tail g, which is the
set of possible outcomes of the experiment (head and tail), and � = [0 ; 1] as the set of possible
parameters. We de�ne the parameter� 2 � with P� (f headg) := � . Now we want to estimate � ,
which we can interpret as the probability of head, based on some observed datax = 
 N where
N is the number of experiments. First of all, we have to computethe posterior, and then we can
estimate � with �̂ = EP ( � j x ) � . According to (2.71), the posterior is:

P(� jx) =
P(xj� ) � P(� )

P(x)
(2.73)

The data prior P(x) has the function of a normalizing constant. It is computed by integrating
over all parameters� :

P(x) =
Z

�
P(xj� ) � P(� ) � d� (2.74)

As we assume a Bernoulli-experiment, we can calculate the likelihood P(xj� ) with h as the
number of heads andt = N � h as the number of tails in a sequence of experiments:

P(xj� ) =
�

N
h

�
� � h � (1 � � )t (2.75)

h and t construct a su�cient statistic for a Bernoulli-experiment , as can be proven. So, we do
not need to remember the order of events likef tail; tail; head; tail; head; : : : g.

Now we have to assume a prior for the model. A prior is the knowledge we already have
about di�erent models. If we know that one model � (1) is more probable than another model� (2) ,
we should take a prior P(� (1) ) > P (� (2) ). If we do not know anything about the models, one
uses a uninformative prior, for example, the uniform distribution. For a further discussion of prior
selection we refer to the appendix 3.4.1. There, we show thatone can use the conjugate distribution
of the likelihood in order to ensure that the integral over the parameters can be solved analytically.
The conjugate of the Bernoulli-distribution is the � � distribution. Using it as uninformative prior
in our example, we can solve (2.73) analytically. It resultsin the � � distribution with parameters
� h , and � t :2

P(� jx) = � (� j� h + h; � t + t) (2.76)

The Bernoulli-model is a simple model as its parameter� consists of only one value. A standard
model with two parameters is the normal distribution N (�; � 2) with the parameters � and � 2. Of
course, there also exist a lot of more sophisticated models with multiple parameters.

Multinomial Model The binomial model would be su�cient if we discretize the gene expression
values to zero and one. As we have stated earlier that we want to use more than two states for a
gene, we have to use the multinomial model. In this case a random variable can haver di�erent
values. Let X be a random variable with X = x 2 f x1; : : : ; xr g. We de�ne P� (X = xk ) := � k with
� = ( � 2; : : : ; � r ) 2 � = [0 ; 1]r � 1 and � 1 = 1 �

P r
k=2 � k . With Nk denoting the number of events

where X = xk , we can express the multinomial distribution as

P(xj� ) =
(
P r

k=1 Nk )!
Q r

k=1 Nk !

rY

k=1

� N k
k : (2.77)

Using a multinomial distribution, the conjugate distribut ion is given by the Dirichlet-distribution
D(� j� 1; : : : ; � r ) which is shown in the appendix 3.4.2. Using this prior we cancalculate the pos-
terior analytically. We get the Dirichlet distribution wit h parameters � k and Nk as counts of
X = xk :3

2See appendix 3.4.1 for a derivation.
3See appendix 3.4.2 for a derivation.
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P(� jx) = D(� j� 1 + N1; : : : ; � r + N r ) (2.78)

Again, we can easily compute the integral analytically as wehave used the conjugate prior.

2.5.2 Multivariate Case

So far, we have considered only one random variable. As a genetic regulatory network consists of
more than one gene, we have to extend our framework to more than one random variable. We
have seen that we want to maximizeP(� jx). It is apparent that we can get the maximum of this
term by computing P(� jx) for each structure � . Then we choose structure� � with

� � = argmax � P(� jx) (2.79)

as best structure. Thus, � � contains the dependencies between the random variables, which
are the regulatory relations between the genes. To retrieve� � , we have to show how to compute
P(� jx). We have already shown that this can be computed via Bayes' theorem with integrating
over the parameters� :

P(� jx) =

R
� P(xj�; � ) � P(� j� ) � d� � P(� )

P(x)
(2.80)

We can compute P(xj�; � ) by the joint distribution of X as x contains realizations of X .
How can we represent this joint distribution in terms of parameters? We will see, that we need an
exponential number of parameters for a joint distribution of a set of random variables. This makes
computations for large sets of random variables intractable. Therefore, we introduce factorization
and the concept of conditional independence which can reduce the number of parameters.

Factorization Firstly, we show a normal representation of a joint distribution. Then we develop
the representation of the factorized joint distribution. A s an example, we take three binary random
variables X , Y , and Z . To represent the joint probability distribution P(X; Y; Z ) without any
independencies we needn� = 2 3 � 1 = 7 parameters � = f � 1; : : : ; � 7g as displayed in table 2.1.
This is due to the fact that the network has 8 di�erent states f 000; 001; : : : ; 111g. One triple
corresponds to the value ofxyz. The probability of the last state can be obtained from the others:
� 8 = 1 �

P 7
i =1 � i . In general the formula for the number of parameters is 2n � 1 and asymptotically

O(2n ) for n binary random variables.

P(X = x; Y = y; Z = z) y = 0 ; z = 0 y = 0 ; z = 1 y = 1 ; z = 0 y = 1 ; z = 1

x = 0 � 1 � 2 � 3 � 4

x = 1 � 5 � 6 � 7 1 �
P 7

i =1 � i

Table 2.1: Representation of the joint distribution of thre e binary random variablesX , Y , and Z .

The number of parameters grows exponentially. This makes computations for many random
variables intractable. A solution is to factorize the joint probability distribution according to
Bayes' theorem and to apply known independencies afterwards. One factorization for X , Y , and
Z is:

P(X; Y; Z ) = P(Z jX; Y ) � P(X; Y ) = P(Z jX; Y ) � P(Y jX ) � P(X ) (2.81)

The factorization is done simply by using Bayes' theorem multiple times. The result depends
on the ordering of variables. Each term in the factorization can be represented as a table where
we have a parameter for each state of all variables of the term. Anyhow, some of these parameters
can be calculated from the others. How many parameters do we need by representing the joint
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distribution factorized? We answer this question by an example with two variables X; Y . The
factorization is one application of Bayes' theorem:

P(X; Y ) = P(X ) � P(Y jX ) (2.82)

We know that we needn� = 2 2 � 1 = 3 parameters for the direct representation. We expect
to need the same number of parameters for the factorized formas we have not made any further
assumptions. Thus the intuitive tables in table 2.2 seem to be over-determined because we retrieve
four di�erent parameters. To investigate this, we create the joint distribution table on the basis
of the factorization by using (2.82) which is shown in table 2.3. As we know that the sum of the
table has to be one, we can also calculate the last cell of the joint distribution table by subtracting
the values of all other cells from 1. Thus we have two di�erent terms for the last cell with the
same value such that we can equate them. Now we can solve for� 4 so that we retrieve:

(1 � � 1) � (1 � [� 2 + � 3 + � 4]) = 1 � [� 1 � � 2 + � 3 � (1 � � 1) + � 1 � � 4] (2.83)

� � 2 � � 1 + 2 � � 1 � � 2 = � 4 � 2 � �� 1 � � 4

� 4 =
2 � � 1 � � 2 � � 1 � � 2

1 � 2 � � 1

P(X ) x = 0 x = 1
� 1 1 � � 1

P(Y jX ) x = 0 x = 1
y = 0 � 2 � 3

y = 1 � 4 1 �
P 4

i =2 � i

Table 2.2: Intuitive representation of the factorized joint distribution

P(X; Y ) x = 0 x = 1

y = 0 � 1 � � 2 � 3 � (1 � � 1)
y = 1 � 1 � � 4 (1 � � 1) � (1 �

P 4
i =2 � i )

Table 2.3: Joint Distribution from factorized parameteriz ation

After this transformation we only need three parameters forrepresenting the joint distribution.
Thus, factorization does not change the number of parameters we need. As previously mentioned,
if we have some independencies, the number of parameters is reduced. This is shown next. Pre-
liminarily, we o�er a formula for the computation of the numb er of parametersn� of the joint
distribution in factorized form. We have to sum over the exponentials to the basis of two of the
number of variables in each term minus one. As said before, weretrieve in the above example
with three random variables:

n� = 2 3� 1 + 2 2� 1 + 2 1� 1 =
2X

i =0

2i = 2 3 � 1 = 7 (2.84)

Conditional Independence Now we assume an independency structure for the three random
variables X , Y , and Z as given in �gure 2.8. As we see, the random variableY depends onX ,
and Z depends onY . As Z does not depend directly onX , we can state that it is not dependent
on X if Y is given. We denote thisZ ?? X jY and call it that Z is conditionally independent of X
given Y . With the mathematical de�nition of conditional independe nceP(Z jX; Y ) = P(Z jY), we
can substitute the �rst term in (2.81) and retrieve:
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P(X; Y; Z ) = P(Z jY ) � P(Y jX ) � P(X ) (2.85)

Figure 2.8: Independency structure of three random variables.

With the formula given above, we can computen� :

n� = 2 2� 1 + 2 2� 1 + 2 1� 1 = 5 (2.86)

In this example with only a few random variables we need two parameters less than we would
without an independency structure. The reduction is more dramatic if we have a larger number
of random variables. It can be shown that we need onlyO(n � 2k ) parameters with k equal to
the maximum indegree of a node instead ofO(2n ) parameters. Normally we haven � k because
no node is connected directly to a large part of the other nodes. This linearity in the number of
nodes makes the computations tractable.

Equivalence Classes Intuitively, it makes sense to represent the independency structure in a
graph as shown in �gure 2.8. This gives us the de�nition of a Bayesian Network. A Bayesian
Network is a tuple of a joint probability distribution of n random variables and a directed acyclic
graph (DAG) with n nodes. Each node corresponds to one random variable. This formalization
allows us to write the joint probability of a subset of variabesU � X = f X 1; : : : ; X n g in general
as

P(U) =
Y

X 2 U

P(X j� (X )) (2.87)

using the conditional independencies where� (X ) denotes the parents of nodeX . This trans-
forms global problems considering the whole joint distribution to local problems considering only
one random variable and its parents. This is an essential feature of Bayesian networks.

As mentioned above, the factorization of the joint distribution is not unique. This leads
to equivalence classes, which are sets of DAGs that have the same factorization of the joint
distribution. This a�ects learning in such a way that we cann ot di�erentiate between DAGs of
one equivalence class. To make this clearer, four equivalence classes are shown in �gure 2.9. Now
we compute the factorization of the joint probability distr ibution for each DAG from left to right
and top to bottom:

(i)
P(X; Y; Z ) = P(Y jX ) � P(X ) � P(Z jY ) (2.88)

(ii)
P(X; Y; Z ) = P(X jY ) � P(Y ) � P(Z jY ) = P(Y jX ) � P(X ) � P(Z jY ) (2.89)

(iii)
P(X; Y; Z ) = P(X jY) � P(Y jZ ) � P(Z ) = P(Y jX ) � P(X ) � P(Z jY ) (2.90)

(iv)
P(X; Y; Z ) = P(Y jX; Z ) � P(X ) � P(Z ) (2.91)

(v)
P(X; Y; Z ) = P(Z jX; Y ) � P(X ) � P(Y ) (2.92)
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Figure 2.9: Equivalence classes

(vi)
P(X; Y; Z ) = P(X jZ; Y ) � P(Z ) � P(Y ) (2.93)

The last step in (2.89) is done by applyingP(X jY) � P(Y) = P(Y jX ) � P(X ) and similarly in
(2.90) with X being replaced byZ . Thus we see that the �rst three equations (2.88) to (2.90) are
equal and therefore their DAGs are within one equivalence class. The remaining equations cannot
be transformed to each other so that each of the DAGs has its own equivalence class. One can
identify equivalence classes graphically by comparing v-structures. A v-structure consists of three
nodes where two of the nodes, which have to be unrelated, havea directed edge from itself to the
third node. All DAGs in one equivalence class have the same v-structures and the same underlying
skeleton (see [Verma & Pearl, 1990]). The skeleton is the graph with the directed edges replaced
by undirected edges.

Interventions We have stated that we cannot di�erentiate the structures wi thin equivalence
classes given realizations of the joint distribution. Amongst other things we cannot di�erentiate
between X ! Y , and Y ! X . As X and Y are genes in our framework, we can easily imagine
that in principle it is possible to knock-out X . If the knock-out in
uences the expression ofY , it
is obvious that X regulatesY and not the other way around. This is equivalent to the directed
edge fromX to Y: X ! Y . Thus, knock-outs or more generally data generated by intervention
experiments can be used to di�erentiate within equivalenceclasses (see [Tian & Pearl, 2001]).

How does this �t in our framework? The implementation of inte rventions in our statistical
model is straightforward as shown by [Yoo & Cooper, 2003]. Asthe realization of an intervened
variable is determined, we set the probability to one. Additionally, we have to remove all incoming
edges because they do not have any in
uence on the realization of the intervened variable as it
is determined. This results in a di�erent factorization of t he joint distribution, and therefore
this joint distribution is no longer member of the former equivalence class. If we would be able to
perform experiments with interventions for each subset of genes, we could eliminate all equivalence
classes. Of course, in practise this is not possible. Nevertheless, including intervention data results
in smaller equivalence classes. This achieves a better prediction of the genetic regulatory network.

2.5.3 Learning

So far, we have seen how to present a joint probability and gotfamiliar with the conditional
independence as the basic network property. We have to compute P(xj�; � ) to estimate the best
structure � � . Firstly, we assume a given structure� and show parameter learning with complete
data. Learning with incomplete data is a harder problem (see[Pearl, 1995]) but as we do not have
missing data there is no need to introduce it here. Finally, we learn the structure � � using the
results from parameter learning.
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We have given some datax with observations of the joint probability. Let � denote a DAG with
n nodes where edges indicate dependence relations between the corresponding random variables of
the joint probability P(X = f X 1; : : : ; X n g). This time we consider multinomial random variables
with X i = xk 2 f x1; : : : ; xr i g, which means that X i has r i possible values. As seen above and
stated in (2.87), each random variableX i depends only on its parents� (X i )

P(X j�; � ) =
nY

i =1

P(X i j� (X i ); � i ; � ) (2.94)

where � = ( � 1; : : : ; � n ) is the vector of all parameters and � i denotes the parameters of the
distribution P(X i j� (X i ); � i ; � ). The parameter � i is a matrix � i = (( � ijk )r i

k=2 )qi
j =1 with qi =Q

X i 2 � (X i ) r i . Thus, qi is the number of di�erent con�gurations of the parents of node X i . For
each of these con�gurations we need a parameter describing the probability that X i = x which
leads to r i parameters times qi . As we can express one parameter by 1 minus the sum of the
others, we need onlyqi � (r i � 1) parameters, which we store in the matrix � i . If we denote that
the parents � (X i ) of X i are in con�guration j with � j (X i ), we get:

P(X i = xk j� j (X i ); � i ; � ) = � ijk (2.95)

For convenience, we de�ne vector of parameters� ij = ( � ij 2; : : : ; � ijr i ). Before we go over to
the learning task, we need to make the assumption of parameter independence introduced by
[Spiegelhalter & Lauritzen, 1990]:

P(� j� ) =
nY

i =1

qiY

j =1

P(� ij j� ) (2.96)

Parameter Learning

Assuming that data x is complete, we can write the posterior applying (2.96) as:

P(� jx; � ) =
nY

i =1

qiY

j =1

P(� ij jx ; � ) (2.97)

The advantage of parameter independence is that we can update each parameter separately.
We assume as prior for� ij the Dirichlet distribution, and therefore we obtain analogously to
the one dimensional case as posterior a product of Dirichletdistributions with parameters N ijk

denoting the number of events whereX i = xk and the parents � (X i ) of X i are in the con�guration
� j (X i ).

P(� jx ; � ) =
nY

i =1

qiY

j =1

P(� ij jx ; � ) (2.98)

=
nY

i =1

qiY

j =1

D(� ij j� ij 1 + N ij 1; : : : ; � ijr i + N ijr i )

Now we can easily estimate� ijk with the expectation value with respect to the posterior
distribution:

�̂ ijk = EP ( � ij j x ;� ) � ijk (2.99)

=
Z

� ijk � P(� ij jx ; � ) � d� ij

=
� ijk + N ijk

� ij + N ij
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In (2.99) we use the fact of parameter independence from (2.96). The last step is performed
analogously to (3.61).

Structural Learning

In the beginning of this section we have already stated that we want to retrieve the independency
structure of the random variables. In (2.79) we have de�ned the estimator of the best structure
as � � = argmax � P(� jx). Therefore, we have to iterate over all � 2 f � 1; : : : ; � m g to compute the
posterior

P(� jx) =
P(xj� ) � P(� )

P(x)
(2.100)

/ P(xj� ) � P(� )

SinceP(x) is independent of the chosen structure� we can use the proportionality. Without
prior knowledge of the structure, we can use the uniform distribution. Therefore, we can neglect
P(� ). Using the Dirichlet distribution as parameter prior, we c an analytically solve P(xj� ) in
(2.100):

P(xj� ) =
Z

P(xj�; � ) � P(� j� ) d� (2.101)

=
Z nY

i =1

qiY

j =1

(
P r

� =1 N � )!Q r
� =1 N � !

r iY

k=1

� N ijk

ijk �
� (

P r i
k=1 � ijk )

Q r i
k=1 � ( � ijk )

r iY

k=1

� � ijk � 1
ijk d�

=
(
P r

� =1 N � )!Q r
� =1 N � !

nY

i =1

qiY

j =1

� (
P r i

k=1 � ijk )
Q r i

k=1 � ( � ijk )

Z r iY

k=1

� N ijk + � ijk � 1
ijk d� ij

=
(
P r

� =1 N � )!Q r
� =1 N � !

nY

i =1

qiY

j =1

� (
P r i

k=1 � ijk )
Q r i

k=1 � ( � ijk )
�

Q r i
k=1 � ( � ijk + N ijk )

� (
P r i

k=1 (� ijk + N ijk ))

=
(
P r

� =1 N � )!Q r
� =1 N � !

nY

i =1

qiY

j =1

� (
P r i

k=1 � ijk )
� (

P r i
k=1 (� ijk + N ijk ))

�
r iY

k=1

� ( � ijk + N ijk )
� ( � ijk )

After expanding with � , we reduce the global problem to local ones. We compute the probability
for each node (i = 1 ; : : : ; n), for each con�guration of the parent nodes (j = 1 ; : : : ; qi ), and for
each state of the actual node (k = 1 ; : : : ; r i ) individually. Next, we shift some terms out of the
integral. Using (3.59) in the appendix 3.4.2 on page 46, we can solve the integral. Finally, we
reorganize the equation.

Applying (2.101) to each� 2 f � 1; : : : ; � m g, we can estimate the best structure. Asf � 1; : : : ; � m g
contains all DAGs with the same number of nodes as the network, this set is huge and make the
computations intractable. After clarifying this statemen t, we present MCMC as approximation
algorithm.

Number of Parameters We have introduced the concept of conditional independencies. This
shrinks the number of parameters dramatically from exponential to linear with respect to the
number of nodes. Actually, we do not reduce the number of parameters but we divide the set
of parameters into distributional parameters � 2 � and the independency relations s 2 S such
that the dimension of � becomes small. This is done by making the dimension of � linear in the
number of nodes dim(�) = O(n � r k ) with r as the number of states of a node. This holds only
under the assumption that the indegreek of a node (the number of dependency relations) is much
smaller than the number of nodesn: n � k. In return, the set of di�erent independency relations
S is exponential in the number of nodes. [Robinson, 1973] has invented a formula which computes
the number of di�erent DAGs with respect to the number of nodes:
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G(0) = 1 (2.102)

G(n) =
nX

i =1

(� 1)i � 1 �
�

n
i

�
� 2i � (n � i ) � G (n � i ) (2.103)

For some numbers of nodes the results are shown in table 2.4. There we can see that for ten or
more nodes it is intractable to compute the posterior for each � . According to [Chickering, 1996],
the exponential increase of the number of DAGs makes the computation NP-complete. We can
deal with the problem by using an approximation algorithm.

n m = G(n)
1 1
2 3
3 25
4 543
5 29281
10 > 1018

Table 2.4: Number of di�erent DAGs with respect to the number of nodes.

2.6 Monte-Carlo-Markov-Chain

2.6.1 Motivation

The problem is to compute the posterior P(� jx) for each � 2 f � 1; : : : ; � m g, which we call the
search space. We use a MCMC approach which traverses the search space by some representative
elements. Aside from this approach, there are also other methods which i.e. exclude uninteresting
elements from the search space (see [Friedmanet al., 1999] for an example).

We want to approximate the best structure. Each structure � is a DAG which we can represent
as an adjacency matrixA 2 f 0; 1gn � n . An entry aij = 1 indicates an edge from nodei to node j .
As the represented graph has to be acyclic, it is obvious thatamongst others the diagonal has to
be zeroaii = 0 8i . We are estimating the best structure by taking the maxium of the posterior
over all structures � 2 f � 1; : : : ; � m g. If we cannot consider all � , it could happen that we miss
the best structure. Thus, it is better to compute the probability of an edge aij leading to the
adjacency matrix A 2 [0; 1]n � n . Instead of taking the argument maximum of the posterior, we
compute the expectation according to the posterior:

� � = EP ( � j x ) � (2.104)

2.6.2 The Algorithm

At this step, we can use MCMC. Monte-Carlo draws samples froma distribution to get an average
of samples to approximate the expectation. MCMC is Monte-Carlo based on a Markov chain
developed by [Metropoliset al., 1953, Hastings, 1970]. The constructed framework was reviewed
by [Chib & Greenberg, 1995]. We estimate (2.104) by averaging samplesf � ( � ) ; � = 1 ; : : : ; tg from
the distribution P(� jx) where convergence is assured by the Strong Law of Large Numbers:

EP ( � j x ) � �
1
t

tX

� =1

� ( � ) : (2.105)
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The samples are drawn according to a Markov chain which generally comprises a state space
f � 1; : : : ; � m g where m = G(n) is the number of DAGs, an initial distribution over the stat es
h0(� ), and a transition matrix H . Each state represents a DAG, the initial distribution gives
the probability for each state respectively DAG to be the initial state. The goal is to choose the
transition matrix which gives us the probability PH (� � +1 = � i j� � = � j ) = hji to go from state
� j to state � i in one time step. The chosen transition matrix must ensure that the visited states
(the chain) denoted by f � ( � ) ; � = 1 ; : : : ; tg are distributed according to the posterior P(� jx). As
we set the initial distribution to the uniform distribution , we ignore the �rst states in the chain.
The number of ignored states is called burn-in. After the burn-in, the visited states have to be
independent of the initial state. The distribution of state s independent of the initial distribution
after a long term run is called stationary distribution h1 (�) of the Markov chain. It is de�ned by:

PH (� � = � i j� 0 = � j ) ! h1 (� i ); (� ! 1 ) (2.106)

There are some properties which a Markov chain has to ful�l to have a unique stationary
distribution, explained in more detail in [Gilks et al., 1996]:

� Irreducibility: The chain has nonzero probabilities to move from one state to any other state
in a �nite number of steps.

� Aperiodicity: The maximum common divider of the number of steps necessary to return to
any starting point is equal to one. As we assume an irreducible Markov chain, it is proven
that each state has the same period. Thus, if the probabilityto stay in one state is nonzero
for at least one state, the Markov chain is aperiodic.

We can construct such a Markov chain with a stationary distribution equal to the posterior
distribution h1 (� ) = P(� jx) according to [Hastings, 1970], which is a generalization of the �rst
proposed method by [Metropoliset al., 1953]. A candidate� i is drawn from another Markov chain
with the same state space and the symmetric transition matrix Q with elements qij = qji . We
accept the candidate� i as new state� ( � +1) with probability � (j; i ) where

� (j; i ) = min
�

1;
P(� i jx) � qij

P(� j jx) � qji

�
: (2.107)

This means that the candidate is always accepted when its posterior probability is higher than
the posterior probability of the actual state. In the other c ase, it is accepted proportionally to
the ratio of the posterior probabilities. If we reject the candidate, we set � ( � +1) = � ( � ) . This
intuitively explains how the method works: DAGs with a high p osterior are drawn with a higher
probability, and therefore they occur more often in the chain. The possibility of a rejection
implies the aperiodicity of the Markov chain, which we use in the next subsection to show that
the constructed Markov chain converges to the posterior distribution.

We �nish with a summary of the developed Metropolis-Hastings-algorithm:

1. Take a DAG � ( � =0) = � i and calculate its probability P(� i jx).

2. Modify DAG � i by removing, swapping, or adding an edge according to some probabilities:
� i ! � j .

3. Accept new DAG � j with probability min
�

1; P ( � j j x )
P ( � i j x )

�
.

4. Increment � by one. Go to �rst step with � ( � ) := � j if new DAG was accepted. Otherwise
set � ( � ) := � i .

After an initial number of DAGs as burn-in, we obtain DAGs whi ch are a representative set of
all DAGs according to the posterior. To obtain the expectation value of these graphs, one simply
takes the mean for each edge of all DAGs. The resulting graph which is not necessarily acyclic
is the estimator � � for the best structure explaining the data x. Thus, � � estimates the genetic
regulatory network based on microarray data.
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2.6.3 Proof of Convergence

Here, we prove the convergence of the Markov chain developedabove. The acceptance rate of
(2.107) can be generalized to the form

� (j; i ) =
� ji

1 + P ( � j j x ) �qji

P ( � i j x ) �qij

(2.108)

with � ji = � ij , and 0 � � (j; i ) � 1. We get (2.107) by setting

P(� i jx) � qij

P(� j jx) � qji
� 1 ) � ji = 1 +

P(� j jx) � qji

P(� i jx) � qij
(2.109)

P(� i jx) � qij

P(� j jx) � qji
< 1 ) � ji = 1 +

P(� i jx) � qij

P(� j jx) � qji
: (2.110)

With the generalized form in (2.108) it can be easily proven that such a transition leads to
the equality of the stationary and the posterior distributi on. The elementshij of the transition
matrix H can be written with (2.108) as

hji = PH (� � +1 = � i j� � = � j ) = qji � � (j; i ) (2.111)

+1 i = j �

"

1 �
mX

k=1

q(j; k ) � � (j; k )

#

where 1i = j denotes the identity function. It is one when i = j , and otherwise zero. The
�rst term is the successful probability of acceptance for a new candidate. The second term is
the rejection probability for all possible candidates. Next, we show that the Detailed Balance
Equation P(� i jx) �hij = P(� j jx) �hji holds, and we conclude from this thatP(� jx) is the stationary
distribution. The Detailed Balance Equation obviously holds for i = j . Thus, we assumei 6= j :

P(� i jx) � hij = P(� i jx) �
qij � � ij

1 + P ( � i j x ) �qij

P ( � j j x ) �qji

(2.112)

= P(� j jx) � qji �
P(� i jx) � qij � � ij

P(� j jx) � qji + P(� i jx) � qij

= P(� j jx) � qji �
� ji

P ( � j j x ) �qji

P ( � i j x ) �qij
+ 1

= P(� j jx) � hji

The �rst step is done by substituing hij with (2.111). Next, we shift the denominator of the
denominator P(� j jx) � qji in front of the term. We do the opposite with P(� i jx) � qij , and use the
symmetry of � . Then we can substitute with (2.111), again, and retrieve the Detailed Balance
Equation. If we assumePH (� � = � j ) = P(� j jx) we get the invariance which means that after
one sample is obtained from the posterior distribution, all succeeding samples will be from the
posterior distribution as well:
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PH (� � +1 = � i ) =
mX

j =1

PH (� � +1 = � i ; � � = � j ) (2.113)

=
mX

j =1

PH (� � +1 = � i j� � = � j ) � PH (� � = � j )

=
mX

j =1

hji � P(� j jx) =
mX

j =1

hij � P(� i jx)

= P(� i jx) �
mX

j =1

hij = P(� i jx)

After using the law of total probability, we substitute PH (� � = � j ) with P(� j jx) and apply
the Detailed Balance Equation from (2.112). Then we can shift P(� i jx) out of the sum, and get
the sum of the transition probabilities from � i to any other state which is apparently one. As the
Markov chain is assumed to be irreducible, and we have seen that it is aperiodic additionally, the
Perron-Frobenius theorem states that under these assumptions the invariant distribution is the
stationary where the chain converges to (for the proof see [Seneta, 1981]).

2.7 Method Validation - ROC curves

In the last section, we've learned something about BayesianNetworks and MCMC. Especially in
MCMC, there are several parameters to be de�ned like size of burnin, number of steps, number
of restarts, and so on. How does one assess the correct choiceof these parameters? Or, in more
general, how can we compare di�erent models/predictors? Normally, one can have a look at the
number of correct and incorrect predictions if we already know the true model (which is appropriate
to assume if we do model assessment or comparison). Anyway, how can we deal with the normal
situation that the number of correct predictions depend on aparameter (i.e. a threshold)? One
possibility is the use of ROC4 curves.

In our case of network comparisons, we compare the retrievedDAGs. As we get a probability
for each each of the resulting DAG, we have to decide the probability an edge has to have at least
to be predicted. This is the threshold.

ROC curves supply a visualized overview of the performance of a method. The performance
of an estimator can be tested according to its sensitivity and speci�city. We consider only the
skeleton of DAGs because otherwise equivalence classes make it di�cult to decide whether an edge
is correct or not. To get the undirected graph, we sum up the probabilities of both directions for
an edge and divide them by two. Thus we retrieve a graph where each edge has a probability. We
can compute sensitivity and speci�city given a threshold " to remove all edges which have a lower
probability than " .

Next, we have to compute the di�erence between the predictedgenetic regulatory network
and the real genetic regulatory network. Thereby the latter ones are known because of published
biological evidence in the case of our microarray data and because of the given structure of the
simulated genetic regulatory network. Based on this, we cancompute four values which describe
the power of our prediction:

� True Positives (TP): The number of predicted edges which corresponds to an edge in the
true model.

4ROC means Receiver Operator Characteristics and is a method from the research �eld of signal detection
theory. The name comes from the development during the secon d world war where radar operators were used to
detect enemy targets. The ability of a radar operator to dist inguish between enemy targets, friendly ships, and
noise was called the Receiver Operator Characteristic.
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� False Positives (FP): The number of predicted edges which does not correspond to an edge
in the true model.

� False Negatives (FN): The number of missing edges which corresponds to an edge in the true
model.

� True Negatives (TN): The number of missing edges corresponding to a missing edge in the
true model.

The sensitivity is the ratio of correctly identi�ed edges to all identi�ed edges. Speci�city is
the ratio of correctly predicted missing edges to all missing edges. Generally, there is a trade-o�
between sensitivity and speci�city. A ROC curve visualizesthis trade-o� by plotting the sensitivity
against the complementary speci�city. The complentary speci�city which is the proportion of
erroneously predicted missing edges is taken to get a monetary increasing function. We can
compute the needed values by:

Sensitivity =
TP

TP + FN
(2.114)

Speci�city =
TN

TN + FP
(2.115)

Complementary speci�city = 1 � Sensitivity = 1 �
TN

TN + FP
(2.116)

=
TN + FP � TN

TN + FP
=

FP
TN + FP

Figure 2.10 shows several ROC curves. The diagonal is the expected ROC curve from a random
predictor. The bigger the area between the ROC curve of a model to the diagonal, the better
the model is. A ROC curve which quickly raises to one has a veryhigh sensitivity and a high
speci�city. The corresponding model is a good choice. A lastremark: If the threshold cannot be
shifted continuously from the lower left to the top right cor ner, it is highly recommended to plot
points without connections instead of a line.
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Figure 2.10: Example of some ROC curves. Model A is not as goodas model B. Model C is
theoretical and shows an nearly optimal model.
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Chapter 3

Appendix

3.1 Quantile Normalization

The normalization in T is done by quantile normalization (see [Bolstadet al., 2003]). Quantile
normalization assumes that there is an underlying common distribution of intensities across chips.
In �gure 3.1A we have plotted three densities. The densitiesof X and Y are equal, andX and
Z are unequal. The boxplot in the �gure underlines the dissimilarity between X and Y to Z .
In the qqplot (see �gure 3.1C) which plots the sorted list of realizations of the distributions X (s)

and Y (s) . We denote (X (s)
i ; Y (s)

i ) as the i th quantile. We see in the plot, that the quantiles of
similar distributions lie upon the diagonal. Figure 3.1D shows that the quantiles for dissimilar
distribution do not lie upon the diagonal.
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Figure 3.1: Analysis of three distributions

Normally, we have more than two chips sayd which results in d distributions we want to
normalize. We organize the data in a matrix X = ( x) j =1 :::d

i =1 :::n 2 Rn � d such that one row of the
column-sorted matrix X is a quantile qi = ( qi 1; : : : ; qid ). We have to imagine a d-dimensional
qqplot for the comparison of the distributions. If we assumethe realizations come from a common

39
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underlying distribution, we then assume that the quantiles lie on the diagonal in thed-dimensional.
Thus, for normalization we project the quantiles onto the unit diagonal d = (1 =

p
d; : : : ; 1=

p
d) 2

Rd, which is equivalent to substituting each quantile by the average of the quantiles:

projdqi =
qi � dT

d � dT � d =
1
d

0

@
dX

j =1

qij ; : : : ;
dX

j =1

qij

1

A (3.1)

Finally we have to put the values of the sorted matrix back to their original places. We can
test the result by producing a qqplot of the normalized data, but it is apparent that we will see
all quantiles on the diagonal as we have constructed it.

An artefact of this normalization is that a gene whose expression values respectively the cor-
responding probe values are always high but not equal will have a lower variance. This is due to
the fact that quantile normalization shrinks di�erences fo r high values over proportionally.

3.2 Some Maths for VSN

Variances

Let X and Y denote random variables, then we get as the variance of the sum:

V ar(X + Y) = E[X + Y � E(X + Y )]2 (3.2)

= E[X + Y � EX � EY ]2 (3.3)

= E[X � EX + Y � EY ]2 (3.4)

= E(X � EX )2 + 2 � E [(X � EX ) � (Y � EY )] + E(Y � EY )2 (3.5)

= V ar(X ) + 2 � Cov(X; Y ) + V ar(Y ) (3.6)

Covariances

Let X and Y denote random variables, then we get as covariance:

Cov(X; Y ) = E[(X � E(X )) � (Y � E (Y ))] (3.7)

= E[X � Y ] � E [X � E(Y )] � E [E(X ) � Y ] + E[E(X ) � E (Y )] (3.8)

= E[X � Y ] � E (X ) � E (Y ) � E (X ) � E (Y ) + E(X ) � E (Y ) (3.9)

= E[X � Y ] � E (X ) � E (Y ) (3.10)

It is obious that V ar[X ] = E[(X 2)] � [E (X )]2 follows from (3.7) by setting Y = X .

Variance Stabilizing Transformation

Here we show the derivation of (2.26). For a family of random variables Yu with E(Yu ) = u and
V ar(Yu ) = v(u) = c2 � (u � a)2 + b2, we can write:

V ar[h(Yu )] � h0(u)2 � v(u) (3.11)

To obtain a constant variance, we have to seth0(u) = v� 1=2(u) which leads to h(y) =Ry 1=
p

v(u) � du by integrating. Now, we have to substitute v(u) and solve the integral:
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h(y) =
Z y

1=
p

v(u) � du (3.12)

=
Z y 1

p
c2 � (u � a)2 + b2

� du (3.13)

=
1
b

�
Z y 1

p
( c�u

b � c�a
b )2 + 1

� du (3.14)

The term in the integral is similar to ( x2 + 1) � 1=2 whose integral is known to be arsinh(x).
Therefore, we try to di�erentiate the inverse hyperbolic sine of the quadratic term in the square
root of the integral to get correct constant factors:

darsinh
�

c�u
b � c�a

b

�

du
=

1
p

( c�u
b � c�a

b )2 + 1
�

c
b

(3.15)

The last factor comes from the application of the chain rule. The di�erence to (3.12) is the c
in the nominator. Now we can guess that the integral of (3.12)is given by

Z y 1
p

c2 � (u � a)2 + b2
� du =

1
c

� arsinh
� c � y

b
�

c � a
b

�
(3.16)

and we can prove that by di�erentiating the right hand side te rm as we did in (3.15). The
denominator of the �rst fraction c is cancelled by thec obtained from the chain rule. Therefore,
(3.16) gives us the correct solution.

Integration Rules Let [a; b] an interval with a < b, g in [a; b] continuously di�erentiable, f
continuous, then:

Z g(b)

g(a)
f (x) � dx =

Z b

a
(f � g)(z) � g0(z) � dz (3.17)

This is retrieved simply by substituting x = g(z). Then we get dx = g0(z) � dz and with the
chain rule f (x) � dx = f (g(z)) � g0(z)dz = ( f � g)(z) � g0(z) � dz.

3.3 Linear Algebra

3.3.1 Transpose of Matrices

Let A 2 Rn � m and B 2 Rm � p denote matrices, then it holds that

AT T
= AT (3.18)

(A � B )T = B T � AT (3.19)

(3.20)

If we have the transpose of three matrices, we can associate two matrices, apply the rules and
then apply the rule again to the associated matrices. LetC 2 Rp� q, then it holds that

(A � B � C)T = CT � (A � B )T (3.21)

= CT � B T � AT (3.22)
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3.3.2 Symmetric Matrices

Let A 2 Rn � m denote a matrix. A matrix is symmetric if it holds that:

AT = A (3.23)

Thus, i.e. diagonal matrices are symmetric. Now, we do not assume A to be symmetric.
Nevertheless, the product of the matrix with its transposed is symmetric, because we can show
that in this case (3.23) always holds:

(AT � A)T = AT � AT T
= AT � A (3.24)

Here, we apply (3.19) and then (3.18).

3.3.3 Orthogonality of Eigenvectors of a Symmetric Matrix

Let x; y 2 Rd be two vectors. We say that x and y are orthogonal, if and only if hx; y i = 0. We
de�ne the scalar product as before withhx; y i = xT � y. To proove that the eigenvectors of a real
valued symmetric matrix are orthogonal, �rst of all, we show that a symmetric matrix has only
real eigenvalues. Then, we show that the eigenvectors of thematrix are orthogonal.

We denote the conjugate complex ofz 2 C as �c. As the conjugate complex of a complex
number c = a + ib is �c = a � ib, we see thatc = �c , c 2 R because then the imaginary part of the
complex number is zero. We begin with the eigen equation of matrix A and its eigenvectorx to
the eigenvalue� :

A � x = � � x , (3.25)

A � �x = �� � �x , (3.26)

�xT � A = �xT � �� (3.27)

Firstly, we conjugate the equation and take A as a real valued matrix and therefore �A = A.
Next, we transpose the equation and use the symmetry ofA with AT = A. Now, we multiply
(3.25) with �xT from the left and (3.27) with x from the right which gives us the two equations:

�xT � A � x = �xT � � � x (3.28)

�xT � A � x = �xT � �� � x (3.29)

As the left hand side is equal, we can equate (3.28) and (3.29):

�xT � � � x = �xT � �� � x , (3.30)

�xT � x � � = �xT � x � �� , (3.31)

hx; x i � � = hx; x i � �� , (3.32)

kxk2 � � = kxk2 � �� , (3.33)

� = �� , � 2 R (3.34)

After equating we can shift the scalar eigenvalue and see that we have the scalar product ofx
which is the squared norm ofx. This is not zero, therefore we can conclude that� = �� .

The second part is to show the orthogonality of eigenvectorscorresponding two unequal eigen-
values of a symmetric matrix A. We denote x as a eigenvector of the eigenvalue� 1 and y as a
eigenvector to the eigenvalue� 2 with � 1 6= � 2. Then we can write:

h� 1 � x; y i = hA � x; y i = hx; A T � yi = hx; A � yi = hx; � 2 � yi (3.35)

Now we can set the beginning and the end of the transformationsequence equal:
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h� 1 � x; y i = hx; � 2 � yi , (3.36)

(� 1 � x)T � y = xT � � 2 � y , (3.37)

� 1 � xT � y = � 2 � xT � y (3.38)

As we assumed� 1 6= � 2 it follows that xT � y = hx; y i = 0 which means that x and y are
orthogonal.

3.4 Prior Selection for Bayesian Networks

The Bayesian approach to assess the probability of a model/parameters� given data x uses Bayes
theorem in a way that we can compute the posterior by:

P(� jx) =
P(xj� ) � P(� )

P(x)
(3.39)

The data prior P(x) cannot be computed directly therefore we have to integrateover the
parameters resulting in

P(� jx) =
P(xj� ) � P(� )R

� P(xj� ) � P(� ) � d�
: (3.40)

Now we select the parameter priorP(� ) so that we can solve the integral analytically. To do so
we have to use the conjugate distribution of the likelihood distribution. Thus the prior depends on
the likelihood distribution. In the following paragraphs w e show the calculation for the Binomial
distribution and the Multinomial distribution.

3.4.1 Conjugate Prior for Binomial Distribution

The conjugate distribution of the Bernoulli-distribution is the � -distribution:

� (� j� h ; � t ) =
�( � )

�( � h ) � �( � t )
� � � h � 1 � (1 � � )� t � 1 (3.41)

with � = � h + � t . The �( �)-function is de�ned as:

�( t) =
Z 1

0
x t � 1 � e� x � dx (3.42)

With partial integration one can see that �( t + 1) = t � �( t) for t > 0. For t = 1 we retrieve
with (3.42) that �(1) = 1, thus we can de�ne inductively

�( n) = ( n � 1)! (3.43)

with n 2 N. Besides that, [Johnsonet al., 1995] show that:

Z 1

0
(1 � t)a� 1 � tb� 1dt =

�( a) � �( b)
�( a + b)

(3.44)

Now we can solve (3.40):
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P(� jx) =
P(xj� ) � P(� )R

� P(xj� ) � P(� ) � d�
(3.45)

=

�
n
h

�
� � h � (1 � � )t � � (� j� h ; � t )

R1
0 P(xj� ) � P(� ) � d�

(3.46)

=

�
n
h

�
� � h � (1 � � )t � �( � )

�( � h ) � �( � t ) � � � h � 1 � (1 � � )� t � 1

R1
0

�
n
h

�
� � h � (1 � � )t � �( � )

�( � h ) � �( � t ) � � � h � 1 � (1 � � )� t � 1 � d�
(3.47)

=
� h+ � h � 1 � (1 � � )t + � t � 1 � �( � )

�( � h ) � �( � t )
�( � )

�( � h ) � �( � t ) �
R1

0 � h+ � h � 1 � (1 � � )t + � t � 1 � d�
(3.48)

=
� h+ � h � 1 � (1 � � )t + � t � 1

�( h+ � h ) � �( t + � t )
�( � + h+ t )

(3.49)

=
�( � + h + t)

�( h + � h ) � �( t + � t )
� � h+ � h � 1 � (1 � � )t + � t � 1 (3.50)

= � (� j� h + h; � t + t) (3.51)

In the step from (3.45) to (3.46) we simply substitute the probabilities with the equation given
above. The same is done in the next step and we can shift the binomial coe�cient out of the
integral and cancel it. In (3.48) we have combined the exponentials. In the denominator we can
write the fraction of �s in front of the integral because it is not dependent on � . In the next
step this fraction is cancelled by the same fraction in the nominator. And we can also solve the
integral by substituting with (3.44). In (3.50) we reverse the �-fraction and recognize that this is
a � -distribution with the parameters given in (3.51).

The prior does not solve only the integration but has an intuitive graphical interpretation. We
make this clear with help of the coin toss example introducedon page 26. In �gure 3.2 we draw
� -distributions with di�erent parameters � h and � t . First we state that � (� j1; 1) is equal to the
uniform density function. Thus if we do not know anything about the models, we set� h = 1 and
� t = 1. If we have already performed some experiments, we set theparameter � h to the number
of heads we have observed and� t to the number of tails. If we have observed two heads and two
tails, we see at the prior density of� (� j2; 2) that the parameter � is 0:5 with highest probability.
This maximum shifts if we have observed heads and tails unequal times. If we have about two
thirds tails, it is not very probable that we have a fair coin. The maximum here is at � = 0 :33

Now we can go over to interprete the posterior. It is a� -function, as well. The only di�erence is
that we add to � h respectively� t the newly observed number of heads and tails. The interpretation
of the posterior � -function remains. If we do another sequence of experiments, we can take this
posterior as the new prior. Now that we have eliminated some uncertainty in our knowledge about
the model, which we can use as prior knowledge in following experiments.

If we want to compute the estimator �̂ , we have to compute the expectation value with respect
to the posterior:
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Figure 3.2: � -distribution with di�erent parameters.

�̂ = EP ( � j x ) � (3.52)

=
Z 1

0
� � P(� jx) � d� (3.53)

=
Z 1

0
� � � (� j� h + h; � t + t) � d� (3.54)

=
�( � + h + t)

�( h + � h ) � �( t + � t )
�
Z 1

0
� � � h+ � h � 1 � (1 � � )t + � t � 1 � d� (3.55)

=
�( � + h + t)

�( h + � h ) � �( t + � t )
�

�( h + � h + 1) � �( t + � t )
�( � + h + t + 1)

(3.56)

=
� h + h

� + h + t
(3.57)

The calculation seems to be di�cult, but due to our selection of the prior most terms cancel
and we get an intuitive result. In (3.54) we have substituted the posterior by the calculated � -
function from (3.51). As before we can plug in the� -function from (3.41) and shift the �-fraction
out of the integral and then we combine the� with its exponential term. In (3.56) we have solved
the integral with (3.44). Here we have to recognize that we added one to the exponential term
of � resulting in a +1 in the �rst term of the nominator and in the de nominator of the second
fraction. With the inductive de�nition of �( n) in (3.43) we can decrement these two �-functions
with one. Then we can cancel all �-functions and all that remains is shifted out of �. It results
in the number of heads we had observed a priori and the newly observed heads divided by the
number of all experiments done (a priori and actually). This intuitive result is exactly what one is
used to do by estimating the probability of an experiment with two outcomes. If we have observed
both di�erent outcomes (heads and tails) equally frequent, we will get �̂ = 0 :5.

3.4.2 Conjugate Prior for Multinomial Distribution

The conjugate distribution of the multinomial distributio n is the Dirichlet distribution. Here we
show the integrals will be cancelled as it did with the � -distribution by assuming a Bernoulli
(binomial) distribution. The Dirichlet-distribution is d e�ned as:
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D(� j� 1; : : : ; � r ) =
�( � )

Q r
k=1 �( � k )

�
rY

k=1

� � k � 1
k (3.58)

It is the extension of the � -distribution with more than two states: j
 j = r . Similarily,
� =

P r
k=1 � k . [Kotz et al., 2000] show that

Z

�

rY

k=1

� � k + N k � 1
k d� =

1
�( � + N )

�
rY

k=1

�( � k + Nk ) (3.59)

with N =
P r

k=1 Nk . Computing the posterior is similar to (3.45):

P(� jx) =
P(xj� ) � P(� )R
� P(x; � ) � d�

(3.60)

=
N !Q r

� =1 N � !

Q r
k=1 � N k

k � �( � )Q r
k =1 �( � k ) �

Q r
k=1 � � k � 1

k
R

�
N !Q r

� =1 N � !

Q r
k=1 � N k

k � �( � )Q r
k =1 �( � k ) �

Q r
k=1 � � k � 1

k � d�

=
Q r

k=1 � � k + N k � 1
kR

�

Q r
k=1 � � k + N k � 1

k � d�

=

Q r
k=1 � � k + N k � 1

k
1

�( � + N ) �
Q r

k=1 �( � k + Nk )

=
�( � + N )

Q r
k=1 �( � k + Nk )

�
rY

k=1

� � k + N k � 1
k

= D(� j� 1 + N1; : : : ; � r + N r )

As before we retrieve as posterior the conjugate distribution. The interpretation remains
and the expectation value with respect to the posterior is quite similar. Denoting the number
of observed eventsk with Nk and let � k being the corresponding knowledge of earlier observed
eventsk, we get:

�̂ k = EP ( � j x ) � k (3.61)

=
Z

�
� k � D(� j� 1 + N1; : : : ; � r + N r ) � d�

=
� k + Nk

� + N

The interpreation is exactly as before.
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